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Introduction

he history of Mathematics in the Muslim world usually begins in third/ninth

century. Both Arabic translations of the books on mathematics inherited

from previous civilizations and the establishment of the new branches of
Mathematics based on existing knowledge began to appear in this century. Perhaps,
the most important of these new branches was algebra on which al-Khwarizmi for
the first time wrote an independent and systematic book. Algebra is derived from
the word al-jabr mentioned in that book’s title. The book explains how to find known
and unknown values through certain methods. The author demonstrates six kinds
of equations (masdil-i sitta), three of which are linear (first degree) and the rest are
quadratic (second degree). He also explains conversion methods of quadratic equa-
tions that fall out of these six categories which could be reduced to one of the six. In
addition to al-Khwarizmf’s findings, his successors sought to find analytical solutions
for cubic or higher degree determinate and indeterminate equations that could be
converted into one of six equation categories. We observe that mathematicians in the
Muslim world from fourth/tenth centuries onward continued to work significantly
on arithmetical and geometrical solution methods for higher degree equations that
cannot be converted into basic equation forms. Related to this, they even advanced
in finding rational and irrational roots of integers and rational numbers, extract-
ing square roots of polynomials, demonstrating proofs of solutions for third degree
equations through conic section and first algebraic abstraction of object problems."
One of these mathematicians was the author of Irshad al-tullab ila ilm al-hisab (Guide
to students of the science of calculation). The book, presented to Sultan Bayezid II
(1481-1512), is representative of the ninth/fifteenth century Ottoman mathematics
and was a natural continuation of the tradition of mathematics in Islamic civilization.

As a general mathematics textbook, it includes calculations of integers and ra-
tional numbers, algebra and area measurement.? The distinguishing aspect of Irshad
al-tullab from other contemporary mathematics books and the reason why I chose it
as a subject in this article, pertains to the second part of the third chapter. In these
sections on algebra, the author provides some conclusions on the six basic equa-
tion forms. According to this, the author states that the six basic equation forms
are applicable only to the problems convertible to one of them and problems that
are inconvertible require another method of solution for which as he promises to

explain in the epilogue.?

1 The principal works on the subject are Al-Karaji's al-Fakhri fi al-jabr wa al-muqabala and al-Badi’ fi a'mal al-
hisab, ‘Umar Khayyam’s al-Magala fi al-jabr wa al-mugabala, Sharaf al-Din al-Tust’s al-Mu‘adalat, Nizam al-Din
NishaburT's al-Shamsiyya fi al-hisab, Ibn al-Haim’s al-Mumti’ fi sharh al-Mugni, and Ali Qushji’s al-Muhammadiyya
fi al-hisab.

2 For a detailed examination of the book see. Fazlioglu, “Irsadu’t-Tullab ila ilmi’l-Hisab”, 315-340.

3 Irshad al-tullab, 64b-65a.
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I. The Origins and Development of High Degree Equations

While the origin of linear and quadratic equations goes back to 2000 BC, arith-
metical and geometrical solution methods for third degree equations appeared from
fourth/tenth century. Since geometrical solutions and proofs were not applicable to
fourth and higher degree equations, researches for arithmetical solution methods
began almost during the same period. Although Diophantus from the third century
gives some examples of fourth degree equations in his Aritmetika,* he mostly lim-
ited his work to indeterminate equations and used numerical analysis instead of
algebra. Thus, we can say in light of the following research that real attempts toward

further understanding this subject first appeared in Islamic civilization.

Thabit b. Qurra (died 288/901), a successor of Al-Khwarizmi, managed to
solve a cubic equation by finding intersection points of a circle and a hyperbole
through a method similar to ‘Umar Khayyam’s development of positive roots of
cubic equations a century and a half later.> Mahani (died c. 266/880), a contempo-
rary of Thabit b. Qurra converted a solid matter problem of “how to divide a plane
and a sphere into two equal parts with known volumetric proportions” into the
third degree equation of , known as “Mahani equation”. Khazin (died c. 360/971)
solved this equation by using cone sections, thereby paved the way for geometric
solutions for third degree equations.® ‘Umar Khayyam (died 525/1131), who estab-
lished the basics of analytical geometry by saying that algebra proves geometrical
realities, added 13 categories of third degree equation to the six basic categories
and presented a new classification composed of 19 equation forms.” Sharaf al-Din
al-Tusi from sixth/twelfth century advanced his predecessor Khayyam’s works and
increased the equation categories to twenty-five. He researched on the equation
roots through a method used for finding dividing polynomials and extracting their
roots, which is known as Ruffini-Horner method whose origin goes back to the
Karaji school.® The work of these analytical geometricians led to the spread of third
degree equations and encouraged mathematicians to pursue this trajectory. How-
ever, they rejected a fourth dimension as well as fourth and higher degree equa-
tions because they used to extract continuous quantities by the way of abstraction
from external world, which may have had a negative influence on the development

of algebra in this issue.

Diophantus, Sind‘at al-jabr.

Rosenfeld and Grigorian, “Thabit Ibn Qurra”, 291; Rashid, Mawsu‘at, II, 468.
Dold-Samplonius, “al-Mahani”, 21; Rashid, Mawsuat, II, 468-469.
Khayyam, al-Magqala fi al-jabr wa al-mugabala, 5-13.

Rashid, el-Jabr wa al-handasa, 91-160, 176-177, 450-680.
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Following our discussion on the development of higher degree equations in the
context of analytical geometry, we can now examine arithmetic algebra, another
orientation in the history of algebra. Firstly, arithmetic algebraists’ efforts, unlike
geometric algebraists who limited themselves to third degree equations, formed
equations at higher degrees as much as possible and discovered various methods in

order to find exact or approximate results.

We should acknowledge the contributions of al-Karaji (died after 410/1019),
who is known as the renewer (mujaddid) of algebra because he laid down the foun-
dations of arithmetic algebra, and the Karaji school named after him advanced
arithmetic algebra by developing algebra through arithmetic. Sinan b. Fath from
third/ninth century, with his work titled Risdla fi al-ka’b wa al-mal wa al-a‘dad al-mu-
tandsiba, initiated the first studies that would pave the way for third and higher
degree equations.? Al-Karaji reexamined the second-degree equations and sought
to solve higher-degree equations by converting them into second-degree equa-
tions. His successors advanced in direct analysis of third and fourth-degree equa-
tions without converting them.'® Samaw’al al-Maghribi (died 575/1180), one of the
Karaji school’s most important members, made remarkable progress by dividing
polynomials and finding polynomial roots that are crucial in solving high-degree
equations, such as: and .!' He converted a polynomial with twelve terms into a pol-
ynomial with four terms and also a polynomial with eight terms into a polynomial
with three terms. He managed to do these long and considerably hard operations
very practically and simply with the help of tables.> One of the sources containing
plenty of examples of high-degree equations was al-Fawd'id al-Bahd’iyya fi al-qava‘id
al-hisabiyya of Ibn al-Khawwam (died 724/1324), a person who was known as the
founder of Ottoman Mathematics. He also cited in the epilogue of Irshad al-tullab."®
Based on our research the work on pure algebra, al-Mumti® fi sharh al-Mugni’, of Ibn
al-Haim (died 815/1412) was influential in transmitting the Maghrib-Egyptian tra-
dition of Mathematics to the Ottoman Empire. In that work, he presents the most
comprehensive knowledge on high-degree equations and solution methods of the
time. However, although some these equations included constant term, although
some of them did not, as different from those high-degree equations in the forms of

that the author of Irshdd sought to solve. In addition, while Ibn al-Haim used some

9 For Sinan b. Fath and his work see Rashid, Ta'rikh al-riyadiyyat, 24-25, 31; Rashid, Mawsu'at, 11, 469; ihsan
Fazlioglu, “Harranli Matematikg¢ilerin Matematigin Olusumundaki Katkilar1”.

10 Rashid, Mavsu‘at, I1, 473; Rashid, Ta’rikh al-riyadiyyat, 35; Saidan, Tarikhu ‘ilm al-jabr, 83; Rashid, “al-Karaji”, 242.

11  Anbouba, “al-Samaw’al”, 92-93; Rashid, Mawsu‘at, II, 472; Fazlioglu, “Semev’el-Magribi”, 490-495.

12 Maghribi, al-Bahir fi al-jabr, 44-50.

13 For the author and his work see Fazlioglu, Ibn el-Havvam ve Eseri; Fazhoglu, “Ibn el-Havvam, Eserleri ve el-
Fevaid el-Behaiyye”.
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methods which are also included in modern mathematics, such as conversion, sub-
stitution, assumption etc., Irshad’s author employed a completely different method.
The author’s emphasis on his unique, unprecedented, yet confusing method was
probably related to this difference.™

When we look at the examples of high-degree equations from aforementioned
Mathematicians, we can see that al-Karaji’s equations reaches the seventh-degree
that are solved by converting them into one of six basic forms through simplifica-

tion and substitution. Let us give some examples:'®

Example 1:
x*+5x2 =126 = if weassumex?=t, the equation becomes
b2 b
t2+5t =126 and x> +bx=c = since x = (E) +c—§

then t = (5)2+126 S le+ti126-2= 132412114159
ent= 1\2 2 ) 2 1 27 2727

= asweassume x2 =t then 22 =9 = x*=81

Example 2:

5 .3 7 X X ; 2 4 ;
x>+x*=x" = —+-—35=— = itbecomes x*+1=x" if we assume
x3 x3 «x

x2 = t,the equation becomest+1=1t?. bx+c=x%2 =

= b2+ +bth t= 12+1+1— 5+1¢ 2= 5+1
a”‘(z)czen‘(z) 2 a7 27 %7 272

For the equations that Ibn al-Havvam could not solve or did not know the pos-

sibility of having a solution, we can give such an example:'®

Example 1: We want to find a cube integer. The difference between this cube

integer and its square is also a square integer.

(@%?- a%=b?=> a%-a’=b? veya a®-(a%)’=c’=a3-a’=c?

14 Irshad al-tullab, 4a-4b.
15 Karaji, Kitab al-Fakhri li al-Karaji, cf. Saidan, Ta'rikhu ‘ilm al-jabr, I, 164-165.
16  Ibn al-Khawwam, al-Fawa'id al-Baha'iyya, 99a.
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Example 2: We want to find a square integer. If we multiply with itself and add
10 times of its square root and 10, we will find square integer.

(@*.a®) +10a+ 10=b*>=> a* + 10a + 10=b?

We can give three examples from Ibn al-Haim who was also interested in
high-degree equations. We can also state that he had a considerably important po-
sition in the Muslim world thanks to ubiquity of his works:

Example 1:V7

x5 x2
201¢3=5x‘*+2x5+7 = 5x+2x2+7=20 = x=2,x2=4,x3=8,

xt =16, x5 =32, 215+%5=80, 5x* =80, 20x3 =160

Example 2:'®

A +2x8=x+30=> (%2 +x)?=x*+2x3+x% = x* +2x3+x2=x2+x+ 30
= (x2+x)2=x2+x+30 = weassumex’+x=y then = y?=y+30 =
y=6=>x*+x=6 = x=2, x*=4, x3=8, x*=16 >
x*+2x3=16+16 =32

Example 3:%

4
x
x7 =28x + 4x* + 7 = the exponents are successively ordered by 3: 7,4,1

x
= if we reduce the exponents to 2, 1,0 the equation becomes = x? = 28 + 4x + 2

= then x == 8 and because they are successive by 3, originally it becomes x*

=8vex=2.

Having examined some of the examples for high degree equations from the his-
tory of Mathematics in the Muslim world, it is possible to contextualize the unique-
ness of the Irshad and its author by way of modern mathematical symbols.

Il. Mathematical Analysis

Before moving into mathematical analysis, I will first give a short summary of
the chapter. The author starts the chapter directly with the rules related to his meth-

17 Ibn al-Haim, al-Mumti’, 77b.
18 Ibn al-Haim, al-Mumti‘, 78b
19 Ibn al-Haim, al-Mumti‘, 77b-78a.
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od because he already outlined general rules and principles in the third chapter on
algebra. He first states that equations are made of known terms, i.e. numbers, and
unknown terms and also looks at the exponents and roots of these terms. Then, he
requires the condition that the exponents should be successively ordered by 1, 2
or 3 etc. in any side of the equation in order to use his method. He calls right and
left sides of the equation with certain names according to their highest exponents.
He presents different versions of solution formula in respect to whether they have
fractional numbers or whether any side has only one term. Lastly, he explains the
application of his method to several problems one of which is from Ibn al-Khaw-
wam, a scientist from seventh/thirteenth-eight/fourteenth centuries, another of
which is an inheritance problem.

1. Conditions of Values (a, a% a3...)

When a number is multiplied with its first root (dil'), the result is the number
whose exponent is greater by one degree of the exponent of the former. The opera-
tion is the opposite in division (i.e. when its first root divides a number, the result
is the number whose exponent is less by one degree of the exponent of the former).
That the author emphasized successively increase or decrease in the base of a num-
ber when it is multiplied or divided by their first roots might have had to do with
making the reader familiar with kinds of equations whose solution he will provide.?

va€ R\{0} andm,n € Z* = a".a" = a®*" and a™.a™ = a™*", thus:

a.a = a?
a’.a =a?
al.a=a*
a*t.a=a’°
[++]

n aﬂ,
vae€R\{0}andmn € Z*andn>m = —=a" " =a® ve —=a"™
ar am™

co

5
a
= a5 =gt
a

4
a
T —agt1=g3
%
a
Z g3l =g2
a

2
a
T —gl=gt
a
a
Togil=g"
a

20  Irshad al-tullab, 111a-111b.
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2. Definitions

The author states that the solution he offers can be used in certain kinds of equa-
tions where exponents of terms in both sides of the equation may successively be
ordered, thereby he suggests that one should check whether the equation satisfies
this condition before solving it. If it satisfies this, one should look at the exponents
of the terms in the right and left sides, then the side having a term with a higher
exponent becomes magqis alayh (comparing side) and the other side becomes magis
(compared side). Thus, one can avoid a possible confusion in the next operation.*

Yabcde
E€R\{0} ve m,n,p,q are positive successive integers
=> in the equation of ax™+ bx"=cx? + dx* + e(x"); m,n>p,q

=> left side of the equation => mugis alayh,and the right side = mugqis

3. The method for high-degree equations

One can start to solve equations after defining the sides. But one should look
first whether terms have integers or fractional numbers, because the formula varies
in each condition.

3.1. The method for the equations that do not include fractional numbers
in the terms

If there are only integers in an equation and if there are more than one term in
both sides of the equation, the solution set for the problem can be found according
the formula below:??

V b,c,d € R\{0} ve m,n,p are positive successive integers
= inthe equation of x™ + bx™ = cx? + d(x°),

m>n>p vem—0=m= x™2cmP+d = thenitbecomes x = "VemP +d.
Example:*

x3+4x2=10x+31 = x3+4x%=10x+31(x"
= the dif ference between the highest exponent and the lowest exponent

> 3-0=3=>%>103+31 223261 =2x>V61 =>x=3

21 Irshad al-tullab, 111b.
22 Irshad al-tullab, 111b-112a.
23 Irshad al-tullab, 113a.
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As it is seen in the example, the method does not promise to find a precise and
exact result. By his method, one can obtain an exact result as well as an approximate
result or an interval of solution set. This formula and the following ones offer a
faster and simpler solution through limiting the estimated numbers in order to find
the equalizing number when it substitutes the unknown number in the equation.

If we solve the same equation through the method of finding integer roots in an
equation in modern Mathematics, then:

n n-1 n-2 - 7 - -
a,ay,..,a ,a EZ=x"+ax""+ax"+..+a_ x+a =0 isan-thdegreepolyno
mial equation.
If a p integer is a root of this equation,then p is a divisor of the constant term a .

Example:

if we convert the equation of x*+4x*=10x+31

into a polynomial equation form = x*+4x>-10x - 31=0

=> the divisors of 31 are {1,-1,31,-31}dir.

We can see that none of these divisors satisfies the equation when they are
applied in the equation, then this equation does not have integer roots. We need to
apply the trigonometric method of Francois Viete (1540-1603) to find other roots.

Even if this method gives exact results, it has been known as a long and impractical
method.

3.1.1. If the Magqis has only one term:

If the terms of the equation are integers and one side has only one term, the
formula varies a little. If the magis, the side with lower exponential term, has only
one term, the formula is the following: %

V b,c,d,e € R\{0} and m,n,p,q are positive successive integers
= in the equation of x™ + bx™ + cx? + dx? = e(x°) it becomes m>n>p>gq

=>m—-0=mthus x™>e = x="Veor x="Ye—1
Example:®

x4+ 2x3 +6x24+5x=66(x") thus 4—0=4 = =x*=266 = x=1366 orx
=V66—1=>x=3 or x=2 =since x =2 satisfies the equation,

the solution set = {2}

24 Irshad al-tullab, 112a.
25  Irshad al-tullab, 113a-113b.
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According to the formula, the found numbers in the solution set should be ap-
plied in the equation. Then:

x*+2x3 +6x2+5x=66(x")thus x=2 = 2%+2.23+6.22 +52=66
= 16+16+24+10=66 = 66 =66

The author states, following his discussion of this solution, that Ibn al-Khaw-
wam (from 7%/13%-8%0-14" centuries) also presented the equation in a different
way. But we do not see any similar example in the chapters on Algebra or unsolvable
problems/equations in Ibn al-Havvam’s extant work on unsolvable problems, titled
al-Fawd’id al-Bahd'iyya fi al-qawd'id al-hisabiyya. It is also possible however that the
anonymous author may have consulted to another work of Ibn al-Khawwam that we
do not have today. The author’s citation shows the importance of both Ibn al-Khaw-
wam and the traditions of unsolvable problems in Ottoman Mathematics, even if
this has not been clearly verified. Here is the problem referred by Ibn al-Khawwam
and the conversion of this problem into an equation in al-Irshad:*

(\/F+ ’\/F+3).(2\/F+2NP+4)=144 = if we assume x2
= y* then it becomes =>(J37+ N}j+3).(2‘/ﬁ+2 /‘/F+4)=144.

= (P2+y+3).2y7 +2y+49) =144 =
2yt + 4y + 1292 + 10y + 12 = 144 = y*+2y3 + 6y%2 + 5y = 66

Having presented the equation, al-Irshad’s author quotes one of Ibn al-Hav-
vam’s sentences guiding in problem solving:

Gk Wb wb amlly iy S 06 Wl alilleds e 3 ol k) 2 sy 1 J6 ¢
.)M‘Oh&&;&‘@c%

Then [Ibn al-Khawwam] said: “Finding an answer in these questions can only be pos-
sible through thought, demand and research. We do not have however any method
finding an unknown as seen in these problems.”?’

If we need to explain this statement, we should assert that three actions would
lead us to solution when encountered a problem. The first action is to determine the

category of the problem among three kinds of ‘imperative, ‘possible’ or ‘impossible;’

26 Irshad al-tullab, 113b-114a. See also Thsan Fazlioglu, “Ibn El-Havvam, Eserleri”, 109-110.
27  Irshad al-tullab, 114a.
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and, unless it is ‘impossible,’ to think on what kind of problem it is and on what kind
of a solution method we need to apply. Secondly, we need to understand clearly
what has been asked and targeted in the problem and lead the solution process ac-
cordingly. Thirdly, we should follow the sequence and order in the operations from

the beginning to the end.

To show the solution of the equation through modern Mathematics, let us turn
the equation into a polynomial form, i.e. one side of the equation having all un-

known and constant terms and the other side having only zero.
y*+2y3+6y°+5y=66 = y*+2y°+6y>+5y—66=0

Since the divisors (2 and -3) of the equation’s constant term (-66) satisfy the

equation, then {y,=2 and y,=-3}. Let us use these roots to find other roots:
yV*+2y3+6y°+5y-66=(x-2).(y*+4y?+14y+33) =
Soy-2=0 or y*+4y’+14y+33=0

We already know the first equation is the first root. Only the divisor (-3) of the
constant term of the second equation satisfies the equation. Then:

y*+4y>+14y+33= (y+3).(y*+y+11) =

y+3=0 or x’+x+11=0.

We know the first equation is second root. Then in the second equation:
from A=b?-4ac’ we find A<O ¢ikar.

Thus, the equation has no reel number root but only complex number root.

Consequently:
y*+2y°+6y°+5y-66=(y-2).(y+3).(y*+y+11) = Solution set= {2,-3}
3.1.2. If magqis alayh has only one term:
When the magis, the side of the equation where a variable with higher exponent

exists, has only one term, we apply the following formula.?®

Vb,c,d,e € R\{0} and m,n,p,q are positive successive integers = since,
in the equation of x™ = bx™ + cxP + dx? + e(x?),
itbecomes m>n>p>q=> m—0=m, then x™ <e = x<Tfe

28  Irshad al-tullab, 112a-112b.
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Example:*

In the equation of x* =3x2 +16(x%) itis 3-0=3 = x3<16 =

In this example the author makes a mistake. The solution set does not satisfy
the equation. He presents either the problem/equation inaccurately and incom-
pletely or he applies an incorrect solution. The first possibility seems to be true,
because the author does not follow his own rule, specified at the beginning, that the

exponents of the variables should be ordered successively.
If we solve the problem through methods we know today, then:
x3=3x’+16(x") = x>-3x’-16=0

Since only the divisor (4) of the constant term (16) satisfies the equation and

when the equation is divided by (x-4) it becomes:
x3-3x°-16=(x-4).(x*+x)+4x-16

x3=3x%+16(x") the real solution set is ={4}.

3.2. A solution method when fractional numbers exist in the equation’s
terms

Since the author is ambiguous in the conclusion of the book, and his meth-
od does not always lead to correct results, it is somewhat difficult to present the
method through a mathematical language where everything needs to be precise
and exact. One of the difficulties is that the author does not follow the rules in his
presentation nor in his solution. He presents examples without checking whether
the method is sufficient to solve the equation. These difficulties are especially acute
when solving equations with fractional numbers.*® For this, the author explains it
through a complicated inheritance problem and science of fardid (inheritance law),
which is one of the most important areas of application for Algebra. Because of this,
I will not give the solution formula here, but look at the inheritance problem and its
solution. We will first form an algebraic equation to solve the problem, then solve

this equation with fractional numbers through the author’s method.

29  Irshad al-tullab, 114a.
30  Irshad al-tullab, 114a-115a.
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An example for an inheritance calculation®

The deceased man left behind a wife, three sons and a daughter and he also
bestowed to his maternal and paternal uncle some share for each one. The share of
paternal uncle is to be twice as much the share of maternal uncle, then the sum of
these two shares will be 1/10 of the 3/5 of the whole inherited wealth. The wife’s
share equals to the value we would have when we add 2 and 5/8 to the cube of the
2/3 of the subtraction of the multiplication of uncles’ shares from the sum of their
squares.

Fariza (natural share holders) 1 wife, 3 sons, 1 daughter

Bestowal 1 share for paternal uncle and 1 share for maternal uncle

Maternal uncle’s share = x

Paternal uncle’s share = 2x

Inherited wealth =y,

Since the sum of uncles’ shares equals to 1/10 of 1/10 of 3/5 of the whole in-

herited wealth.

= 3x=—— = theny=>500x

The wife’s share:

2((x2+4x2) — 2x2)]° 5
—(( 3) ) +2+§

21
=8x6+ 3 5% the equation for calculating the inherited shares becomes

64x% + 21 = 500x and when we divide both sides by 64 the equation becomes

a+21_7 +3x+x
I ILETS

According the author’s formula for solving a high-degree equation with frac-
tional numbers, we should take the highest root, defined by highest exponent, of
highest denominator : {64 = 2} and convert the fractional numbers into integers by
2,the root of proportion (dil’ al-nisba):

then it becomes x® + 21 = 250x . The dif ference between the exponents 6 —1=75

=> x52250 = x=23V250 > x>3 = 36+21=2503 = 729+421=750

31  Irshad al-tullab, 115a-116a.
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Since we converted the original equation with fractional numbers into an equa-

tion with integers by 2 as the root of proportion, while it is

{x=3} in this new equation,it must be {x = ; =1+ %} in original equation.

Conclusion and Evaluation

I have arrived at the following conclusions based on my mathematical analysis

of the solution for the equations inconvertible into any of the six basic equation

forms presented in the epilogue of a Mathematics book, titled Irshad al-tullab ila

‘ilm al-hisab:

1.

Although the method offers various formulas in respect to the conditions of
the equation’s sides and to the existence of integers or fractional numbers of

constant terms, it does not always give accurate and precise solution.

The method aims at limiting the quantity of numbers in a solution set rather
than finding the precise solution and thereby at simplifying the solution pro-

cess.

Some of the mistakes in the given examples suggest that the author might have
presented them without checking the equations and solutions or copied them

from another source without controlling their verifications.

The author’s ambiguous statements especially in the epilogue make under-
standing of the method unsupported by precise and substantial mathematical
proofs much more complicated and lead us to think that even he is not so sure
about the method.

The fact that he gives one of the examples from calculating an inheritance
sharing shows that the method goes beyond a theoretical concern and aims
at simplifying problems in everyday life. This aim is related to the purpose of
the Ottoman tradition of science in widening the area of usages for theoretical
sciences, especially Mathematical sciences, by employing them together with
the applied sciences and thereby extracting maximum benefit from all.

Despite its deficiencies and mistakes, the method should be seen as an impor-
tant contribution to the solutions for high-degree equations since the early
period in ninth/fifteenth century. As for developing a general method giving
precise solutions to third and fourth-degree equations, we should wait another
two centuries. Even if it is still available today, modern mathematicians find
this method impractical. As for fifth and higher-degree equations, it has been

now proved that no method giving precise solutions is available.

122



Elif Baga, Quests for a General Method to Solve the Equations of High Degree in the History of Islamic Mathematics:
The Case of Irshad al-tullab ila ‘ilm al-hisab

Bibliography

Anbouba, Adel. “al-Samaw’al”, DSB, XII, 91-95.

Dold-Samplonius, Yvonne, “al-Mahani”, DSB, IX, 21.

Diophantos, Sind‘at al-jabr, trs. Qusta b. Luka, ed. Rushdi Rashid, Egypt, 1975.

Fazhoglu, fhsan, “Harranli Matematikgilerin Matematigin Olusumundaki Katkilar1”, Safak Ural'a Armagan, ed. Yiicel
Yiiksel, Istanbul: Alfa Yayinlari, 2012, 223-236.

——————————— , Ibn el-Havvam ve Eseri el-Feva'id el-Behd'iyye fi el-Kavaid el-Hisabiyye Tenkitli Metin ve Tarihi Deger-
lendirme (MA Thesis), istanbul Universitesi Sosyal Bilimler Enstitiist, Istanbul, 1993.

——————————— , “Irsadu’t-Tullab ila {lmi'l-Hisab [Hesap Biliminde Ogrencilere Kilavuz]”, Divan [lmi Arastirmalar, 13
(2002/2), 315-340.

~~~~~~~~~~~ , “Ibn El-Havvam, Eserleri ve el-Fevaid el-Behaiyye fi el-Kavaid el-Hisabiyye'deki Céziimsiiz Problemler
Bahsi”, Osmanh Bilimi Aragtirmalar: Dergisi, I (1995), 69-128.

——————————— , “Semev’el Magribi”, DIA, XXXVI, 2009, 488-492.

Hayyam, ‘Umar, al-Magqala fi al-Jabr wa al-mugabala, in Rasail al-Khayyam al-jabriyya, ed. Rushdi Rashid and Ahmad
Cabbar, Aleppo, 1981.

Ibn al-Haim, al-Mumti‘ fi sharh al-Mugni’, Suleymaniye Library, Sehid Ali Pasa 2706.
Ibn al-Khawwam, Fawa'id al-Bahd'iyya fi al-qawa‘id al-hisabiyya, Suleymaniye Library, Hasan Hiisnii Paga 1292/8.
Irshad al-tullab ila ‘ilm al-hisab, Topkap: Sarayi Library, III. Ahmed 3144.

Karaji, Kitab al-Fakhri li al-Karaji, ed. Saidan, Ta'rikhu ‘ilm al-jabr fi al-‘alemi al-Arabi V. I, Kuwait, 1985, 132-141, 145-
170.

Maghribi, Samav’al, al-Béhir fi al-jabr, ed. Salah Ahmed and Rushdi Rashid, Damascus 1972.

Rashid, Rushdi, el-Jabr wa al-handasa fi al-qarn al-sani ‘ashar: muallafat Sharafaddin al-Tusi, Beirut: Markaz Dirasat
al-Wahdat al-Arabiyye, 1998.

——————————— , “al-Karaji”, DSB, VII, 240-246.
——————————— , Ta'rikh al-riyadiyyat al-‘Arabiyya bayna al-jabr wa al-hisab, Beirut: Markaz Dirasat al-Wahdat al-Arabi-

——————————— , Mawsu'atu ta’rikh al-‘ulimi al-Arabiyya, V. 11, Beirut: Markaz Dirasat al-Wahdat al-Arabiyya, 1997.
Rosenfeld, B. A. and A. T. Grigorian, “Thabit Ibn Qurra”, DSB, XIII, 291.
Saidan, Ahmed Selim, Ta'rikhu ‘ilm al-jabr fi al-‘alem al-Arabi, Kuwait, 1985.

123






-

'y .,\_cjj\ G Lod : 483~

T canko 3T 13 5 de S e Of 1 )53 S 5 3 pslall e V3T a8
@3B Akl ek gy 2 2 caball o Lol annds codmr ad s il ¢ ) s
GEE 35 Y1 e ol ) a2l (3 L s b e gl s ke e ke g 5 IS
el Wy e il Al (30 el e foxtl Lol conbtell ) Jaits (23
ﬁy;wyT¢\)UAJ\Q,&JQ\JTWJM»TJ&W\JTJHM\;\}
O O A o Ty e ) Jeolh ooy il il s se (8wl ¢
S s 018 0} 30 o5l L ] fold) sy ol 2l (3 Ll Jolb) O 52
b e el cade 515 T sl B3 ol sl (5 5les OB L35V L s O 7
S5 5 Wiy 3 hn e Ao Oy Lyl O STy el slael &6y a3 sl 203
LAy Sl

il i e 3T Cbly eI Wy sl Lo Jiab disd oo e il OIS 0L
.Muwmuﬁow@@m;wuotfucw.gﬁjajauv\;@w

b cJ}\wg&y\ U"TJ Mfuy‘}\a_aj\ odsf g ade W@l O 0
b)%éﬂbd\f\.@«h&u@}@)fJ}\&fJJ&é}WM\MUﬁAV&rb&T
ol a b a3 o

el o (3 busT O ar O iy by sty iy sty b b sl o ad) T30

PSR ETER
U SRR
AW B Gl 1l

~ 1 —

P 3 o ylEy ey gld
2 E Y °
A a By 1

125



NAZARIYAT Journal for the History of Islamic Philosophy and Sciences

s o T i STV o 08706 a5y JeVI a U5l 5 seb Jaa L (1
saall 5 (3 madl o) Jlo L of gl Cpol E M Yy 4] T el s
@ a3 N 5V Ugls i AL e OF L) 1SKa 5 225 Lo Vi UL oy cLiaf
oy ool I3 (3 =N Ll G5 e 1sas ;.)f,'a\;i ool i g crbidall
a5 0 AR g sal) BB (s 0B cgholl) ity Y1 L1 a0 L ag
Vg (el ol o e l) ol 71 0 ST e TN 2y A 6180 el
oy ) b 2 0] e s ol San b i s O oy S 1s T L0

e WS Rl el e SU

Wi}[\uy&..aﬂb cm)J ug))\.?) \»T);Ly:»féf:“.c JMJ\FTKNJBVJJ:};)E

b g sy ol otal) ol e iy 5T (gl nS713] o0 81 LG 20
A g Ol s 35 p g B e ol ) 40

bzl (L2 s ey Mtz Jumg elsl duis s lsel Bzay OlaSTy JL JL ¢ 13 o
sz ke Ly ol ey e dol> $5e Jb Jb 2o 13 ol 5T b Lany

.g)jl)a.&\ (g QL;;"}[L’& (AN

A ey (olin)

o2 (3 Ay i v
Lo 3y g ) A
oAl & g )y i U a
o2 G «C)\J-b,» :EJ\J—\; \ e
ol Gk Ak )
A @Y Y

@ ey sy oy

o) B aray e\ €

oAl e LAY ¢ el 3 ey i Vo

126



Elif Baga, Quests for a General Method to Solve the Equations of High Degree in the History of Islamic Mathematics:
The Case of Irshad al-tullab ila ‘ilm al-hisab

L o) oy YU Vo 05808 b Jle oliz b oam Ty Ty Bl OIS (oal s
Q)b@ﬁ‘)b%}“jb)b)bjb)buw.MOJM\)-'\?-)U}SL/’OUJ}J)QJ
V5o Yoo e oy oS ATy Jb le ol 0803 val s da g 0 pder (65

L2 s o Ty am Ty wle Jum el W2 ys e 1y oLl

Lol gy Cllally Sl 055 L wnl b sk e 3 Gl ) mnaly 16 4
(#31) oyl ods Joo 3 s 4 @ i G b U

esde lael (UG LY L2l (W )3 jie Gy JIsel U Jin a8 ¢S S
o Lagh Olabl gy L2y ol odd clgale ol B (6 glug cnS™ 13)

A ol ol Gy Juadll B el (OIS 0B ST AL 3 S L 13 AT s

b sl o fadl e legrals Vg Gy A 3 odall e LIS O) W5l
Bl (3 R glene Band dadl s e Vdn e Lo o Jf T dlal ) Sl
oS e aestat 35 Ny T ol B ST el e 513 5 ade e oF sy
L ot bl £ Laabioy Lgom 2 2 () sy pLdY1 S5 o oty o llal
A sy co T L) eall Sy 235 LS lake o) £ ¢ el S s e e
W Lo Ny g ) il (3 el o glall g 3 U sl (s 03
(o Lad D) Wy oy 5 ) it @l ) T 0L T ) s el
ey ) 5040 3 6 o b (Tl U3 S o el ol

) seamel) AV imtaly 208 LS el slasl B8 clb 15V mea oy 130

o2 B ey oyd N
oA 3o ey 8 VY
o3 e A

NSNS I N R R
RSl «&BL;T» :C)Lbf Y.
oA e By

oAl e v ve Yy

127



NAZARIYAT Journal for the History of Islamic Philosophy and Sciences

criz\.:..pj.gdbhjd&o»b\)ﬁy)i)\xgjwﬂy\jjazjjeri\j?&ﬁd?

51y VIS re i AT AW Lagesag s JUH sy Lo ) Theny SIS
COUT ads y 0L )3 2 W e s SUINUE a8y g I ¢ a2 o Lagmbas =
JB L Jasly ot oall do gy Lt I Moy 236 g ) i oo U5 fua

Ul By T s s OV ol o iy B o s g ey Ml y ST a8

el sde e deiie A.c’)/\.;af) O g g il Cj,sv.U) T Al el Caaiy T A

Oxle Oy L35 oy s g ol y aS CnS™ (U dolall oy Lol iy 5 OS] ) a2l
gl i o st 31 LG ass CanS) STy sLa W) o aadl Ln ins
o3l L 331 55 2y el slel T8 G A T 3 g Lo gy of Cpndly ol
ATy T Ty sty ey 2 ) o s
LS e & st .‘V‘«mi) 5 el Log dll s Wy w0 Lo =T s S
AWl N odin =2 LS iy ) 5 o s sy 0Ty e Ui L 53l 1 55

i ey B O g 3L

AN e e d e Y
RSN IO T W
A B e gy ey Yo

o2 3 Ko gy iy YT
2 B Ay s A vy
2 3 ey oy YA
AN @ Wy fJH va
el 2 byve

BRI RGP ST E o
2B Gy e Ty
o2 B ey R XY
BTN UV S 3
A3 e

o2l B Akl adk v
o2l & «azad gy :A:_.a;-} v

128



