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Tagr al-Din al-Rasid and
His Treatise on Algebra
Mathematical Evaluation, Translation, and Editio Princeps’
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Abstract: Taqi al-Din al-Rasid is one of the most important representatives of the Ottoman tradition on
mathematical sciences. His research focus being on astronomy, astronomical instruments, mathematics,
optics, mechanics, and physics is understood from his surviving works. Taqi al-Din’s establishment and
management of the Istanbul Observatory, which was the first observatory in the Ottoman Empire, made
him an important figure in many ways. However, despite the aforementioned importance, the mathematics
he learned, taught, produced and used has been a subject for very few studies. The primary way of
determining the quality and the level of a work is to look at the kind of tools used for its creation. Therefore,
this article will present the edition princeps, the translation and the evaluation of Taqi al-Din al-Rasid’s
treatise on algebra, al-Nisab al-mutashdkila fi ‘ilm al-jabr wa-I-mugabala. It will be presented in the context
of the idea that revealing a scientific character and the career of scholars who stand out in mathematical
sciences can be possible by analyzing their mathematical works. The nature of the science of algebra, which
can be applied to any problem encountered on any subject regardless of geometry or arithmetic, makes this
idea more meaningful. For the correct examination of classical mathematical works, first the original text
is verified and transformed into a format that provides an easy reading, then it is to be translated into the
desired language. Finally a mathematical analysis and historical evaluation are needed to explain the main
structure and justification of the content of the article.
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1. Introduction

he mathematical works of a scientist who did research and wrote works

in the fields of mathematics, physics, optics, mechanics, and astronomy

can provide vital data on issues such as the methods of the knowledge in
these fields, the ways knowledge was constructed and its points of view and levels.
Because mathematics is a basic science structurally prone to being a tool, one’s
knowledge and experience of and talent with it determines their position in every
field they use it.

Tagial-Dinal-Rasidwas the founder of the first Ottoman observatory, the author
of a skilled book on mechanics in his field, the author of the most comprehensive
Ottoman work on optics and the compiler of the very-first zij that used the
decimal system. Therefore, identifying and analyzing the mathematics he used will
obviously widen the horizon on making sense of its scientific character. Although
how many mathematics books the author wrote during his lifetime is not exactly
known, one calculus, one algebra and four theoretical geometry (al-handasa) works
have survived. His work on calculations (al-hisab) is titled as Bughyat al-tullab fi ‘ilm
al-hisab* and his treatise on algebra as al-Nisab al-mutashakila fi ‘ilm al-jabr wa-I-
mugqdbala. With the exception of Tastih al-ukar?, each work on theoretical geometry
involves a specific problem consisting of a few pages.? Of course, the fact that these
works contain one or more of the reasons for writing such as being a textbook,
putting forward a new theory, adding to an existing theory and showing a different
field of application may change the level of understanding of Taqi al-Din al-Rasid’s
scientific character. However, in any case, publishing these mathematical works,
translating them into English, analyzing them mathematically and evaluating

them historically, in short, putting them at the disposal of science historians is

1 For manuscript copies, see. Zeytinoglu flce Halk Kiitiiphanesi, Zeytinoglu Koleksiyonu, 43 Ze 303/1, f.
44+16; Siileymaniye Kitiiphanesi, Carullah 1454, . 56; https://digi.vatlib.it/mss/detail/Sbath.496

2 A copy of the work, which roughly describes the transfer of the spherical object to the plane, is between
the folios of Kandilli Observatory 415/5, 80v-92r. For other copies, see: Ramazan $esen vd., Osmanl
Astronomi Literatiirii Tarihi (OALT) (Istanbul: IRCICA, 1997), I, 205.

3 Apart from the ones mentioned above, the three mathematical works whose copies have survived are
as follows: Jawab sual an muthallath... on the determination of the angles of a triangle whose sides are
known but not perpendicular, Risdla fi tahqiq ma qalahu Allama Jamshid Kashi... on the verification
of al-Kashi’s statement about the ratio between diameter and circumference and the Risala fi a'mal
al-mizan al-tabi, which talks about Archimedes’ scales, can be counted. For more information see:
Ramazan Segen vd., Osmanl Matematik Literatiirii Tarihi (OMLT) (Istanbul: IRCICA, 1999), I, 84-6. The
trigonometry section in the astronomy work Sidrat al-muntaha can also be added to the mathematical
works. For a comparative analysis of this passage with the work of Copernicus, see Sevim Tekeli,
“Trigonometry in the Sixteenth Century: Copernicus and Taqi-Din”, Erdem 2/4 (1986): 247-72.
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essential for Taqi al-Din al-Rasid’s studies on a small scale. It’s also vital for the

history of science on a large scale to progress in the right direction.

Taqi al-Din’s work Bughyat al-tullab is divided into three parts: calculating
decimals, calculating sexagesimals (60-based number system), and algebra. In
terms of its volume, the work exceeds the limits of one single article. As the name
suggests, it was written at the request of students. The work has not been the
subject of any research until now and it may have been written for Tagi al-Din’s
students while he was a professor in the madrasa or for his students at the Istanbul
Observatory when he was the Chief Astronomer/Astrologer of the Ottoman Court
(Mineccimbasgi).

Another surviving work from the author is his treatise on algebra, which can
be described as a concise volume. Algebra first appeared and developed in the
mathematical tradition of Islamic civilization as a branch of science and has been
used by the scholars of this tradition to solve multivariate and complex problems
from al-faraid and transactions to applied geometry and astronomy, just like a
key for opening difficult locks. Assuming that Taqi al-Din al-Rasid also used the
science of algebra as the predecessors in his tradition had, for him to compose such
a treatise would be considered normal because of his interest in many branches of
the astronomical sciences such as optics and mechanics. He may even have written
the treatise on algebra for his colleagues for being used in the fields that require
group work, such as mechanics and astronomy. Whether this possibility is true or
not, the author’s ideas on algebra make presenting an analysis and evaluation of his
work important in terms of giving an idea about his style and how he coped with
mathematical problems in other fields. Due to this aforementioned importance,
the current article will present the introduction to al-Nisab al-mutashdkila fi ‘ilm al-
jabr wa-al-muqabala as well as its historical evaluation, mathematical analysis, full

English translation and editio princeps.

Although Tagi al-Din al-Rasid is already well known, the article will begin by
giving his biography, albeit in brief. This is because the development of his scientific
career is directly related to his written works and also because some controversial
situations related to his life had occurred. Immediately after this, the article will
present detailed introductory information so that the content of the work can be
viewed holistically, followed by the mathematical analysis and historical evaluation
of the work. The first purpose of this section is to show the content of the work
making use of modern mathematical symbols and thus bring mathematics that were

verbally expressed about five centuries ago to the minds of today’s mathematicians
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or historians of mathematics. The other purpose is to show the historical context
of algebraic expressions and operations and to establish their relationship with the
classical algebraic tradition to be able to understand the position this work has
among these. As this process will be done by giving footnotes to expressions and
operations during mathematical analysis, it has been titled under “Mathematical
Analysis and Historical Evaluation”. Last to be presented will be the complete

English translation of the text and its editio princeps.

As far as can be determined, the first study on Taqi al-Din’s work was done by
Melek Dosay Gokdogan in 1997.* Her article, Takiyiiddin’in Cebir Risalesi [Taqi al-
Din’s Treatise on Algebra] begins with a very short biography and continues with
the section “Takiyiiddin’in Cebiri” [Taqi al-Din’s Algebra] describing the content
of the work. According to the conveyed information, the article then goes into a
free-style translation of the text into Turkish accompanied by the handwritten text
from the Oxford I. 881/3 copy minus the editio princeps. The shortcomings of the
nearly quarter-century-old article can be considered natural, considering both the

conditions of the period and the absence of any previous study on the work.

In 2003, six years after Dosay’s publication, Moustafa Mawaldi published Nisab
al-mutashdkila in the journal Abhath al-mu’tamar al-sanavi li-tarikh al-‘ulum ‘inda al-
‘Arab.® According to the information he gave, Mawaldi only used the Oxford 1.881/3
copy and added an evaluation section to his work.

Despite the two existing studies, the reasons for reintroducing and examining

the work under the previously mentioned titles can be listed as follows:

(a) Even if a few minor errors in the already published text of the work are
disregarded, (i) the punctuation, headings and the paragraphing method used
in the publication are not suitable for classical mathematical works® and (ii) the

publication in which the textis published is not accessible to the majority of readers.

Melek Dosay, “Takiytuddin'in Cebir Risalesi”, Belleten 61 (1997): 301-20.

5 Moustafa Mawaldi, “Tahqiq wa dirasah makhtut Ketab Nisab al-mutashakilah fi ‘ilm al-jabr wa-al-
mugqabalah li-Taqi al-Din b. Ma‘raf”, Abhath al-mu’tamar al-sanavi li-tarikh al-ulum inda al-arab (Aleppo:
Ma’had al-Turath al-ilmi al-Arabi, 2003), 445-70.

6 No methodology research has been carried out in Turkey so far for the tahgiq, Turkish translation,
mathematical analysis and evaluation (dirdsa) of the works in the field of classical mathematical sciences.
Based on the existing ISAM tahgig and dirdsa principles, new methods and techniques should be determined
on how to work on the manuscripts of the matehamatical sciences in the most accurate and most effective
way. In this respect, we are working to propose a methodology for the examination of works in the field of
mathematical sciences such as calculation (al-hisab), algebra, applied geometry (al-masaha) and theoretical
geometry (al-handasa), and it is planned to be presented to the scientific public this year.
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(b) When the name and number of the collection was changed in the Oxford
copy, which is the only accessible copy of Nisab al-mutashdkila, is not known.
However, all publications mentioning the work contain old information in the
form of Oxford 1.881/3 and this information should be updated to MS Greaves 3/3.

(c) A concise and complete Turkish translation is required in place of the

previously published free translation.

(d) The need exists to translate the entire text into the language of mathematics
(i.e., represent the text with mathematical notations) so that the work becomes

available to all who are familiar with modern mathematics in its entirety.

(e) Revealing the continuity of the issues and expressions that stand out is
needed in terms of their historical background in the Islamic and Ottoman periods
through footnotes while giving mathematical representations, thus indicating the

position of Taqi al-Din’s algebraic work in terms of the history of mathematics.

2. The Life of Taqi al-Din al-Rasid

Abu Bakr Taqi al-Din Muhammad ibn Zayn al-Din ibn Ma‘raf ibn Ahmad al-
Rasid al-Dimashqi was born in the holy land on Ramadan 4, 932 (June 14, 1526)
according to his own words” and spent a significant part of his life in Damascus
due to his father’s work in the Sibaiyya and Tagawiyya madrasas of Damascus.® As
a requirement of the tradition he was in, he was taught the Qur’an, Arabic, hadith,
figh and tafsir sciences, also mathematics and astronomy from various teachers
in the madrasas of Damascus and Egypt. He took lessons from Muhammad ibn
Abi al-Fath al-Sufi® (d. 950/1543) in the field of astronomy and from Shihab al-
Din al-Ghazzi al-ShafiT'° (d. 983/1576) in mathematics. Under the influence of his

7 Taqi al-Din Rasid, Sidrat al-muntaha, Kandilli Rasathanesi 208, f. 1v ve Nuruosmaniye Kiitiiphanesi
2930, f. 1v.

8 Although some researchers describe him as of Arab origin due to his birth and growth in Arab lands, a
few studies based on the chain of names that Rasid mentioned in his works reveal that he is Turkish.
For more detailed information on this subject, see: Ramazan $esen, “Meshur Osmanh Astronomu
Takiyytiddin Rasid'in Soyu Uzerine”, Erdem 4/10 (1988): 165-172.

9 For more information about Ebu al-Fath al-Sufi, who was one of the mathematician-astronomer
representatives of the Egyptian School, who lived between the end of the 9/15. century and the beginning
of the 10/16. century, and his works, see: thsan Fazlioglu, “Ibn Abi al-Fath al-Sufi: Shams al-Din Abu
‘Abd Allah Muhammad ibn Abi al-Fath al-Sufi”, The Biographical Encyclopedia of Astronomers, ed. Thomas
Hockey vd. (Newyork: Springer, 2007), 547; Sesen vd., OMLT, I, 59-62; Sesen vd., OALT, I, 130.

10  For Ghazi, who was born in Damascus, completed his education in Egypt, and returned to his
hometown, he worked as a professor there, see: Sesen vd., OMLT, I, 79-80.
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intense interest in mathematical sciences, he quickly trained himself in these. He
was in Istanbul with his father Ma‘raf Efendi between 1550-1555 and benefited
from the scientific knowledge of Civizade Haci Mehmet Efendi,* Ebu al-Su‘ad
Efendi, Qutb al-Din-zada Muhammad Efendi'? and Sa¢h Emir Efendi.’® After this
date, he returned to Egypt and taught at the Shay’khuniyya and Sarghatmishiyya
madrasas in Cairo for a while, then came to Istanbul for the second time and was
appointed as a mudarris to the Edirnekap: Madrasa during Samiz Ali Pasha’s grand
viziership (1561-1565). However, because of the difficulties of being away from his
family, he left this job and returned to Egypt where he served as both a mudarris
and qadi before the death of Stileyman the Magnificent in 1566. During the reign of
Salim IT (1566-1574), who succeeded Siileyman the Magnificent, he was deputized
for Civizade and Nigsanazade, who were performing the duties of the Qadi of
Egypt. When Kazasker ‘Abd al-Karim Efendi was appointed as the Qadi of Egypt
after Nigancizade, Taqi al-Din al-Rasid received much attention from this new gadi
and his grandfather', Qutb al-Din, in terms of supporting and encouraging his
scientific studies, especially his research on mathematics and astronomy. From
the influence of his great-grandfather Ali Kuscu’s great success in mathematics
and astronomy, ‘Abd al-Karim Efendi handed the works and equipment of Kuscu,
Jamshid Kashi, and Qadi-zada al-Rami over to Taqi al-Din al-Rasid. Thus, this

continued to support Taqi al-Din’s developments in these sciences, who devoted

11  Civizade Mehmet Efendi, son of Sheikh al-Islam Civizade Mohy al-Din Mehmet Efendi (896/1491-
954/1547) who also served as a Sheikh al-Islam, was born in Istanbul (937/1530-995/1587). After
taking lessons from various teachers, he served as a mudarris in many madrasahs and as a judge in
many cities. For more information about Civizade Mehmet Efendi, his father and the Civizade family,
see: Mehmet Ipsirli, “Civizadeler”, DIA, VIII, 349-50.

12 Mullah Muhammad Chalabi b. Qutb al-Din, after working as a mudarris in various madrasas, worked
as ajudge in Adirna and Istanbul and as an Anatolian Kazasker in turn. He died in 957/1551. For more
information. Tagképriiliizade, Osmanh Bilginleri, trc. Muharrem Tan (Istanbul: iz Yayimcilik, 2007),
323.

13  Hisreal name is Molla Mohy al-Din Mehmet ibn ‘Abd al-Awwal al-Tabrizi. His father was a Tabriz judge
under the rule of Ag-qoyun, who belonged to the Hanafi sect. Probably for this reason, it came under
the auspices of the Ottoman Empire after the establishment of the Safavid Empire. Sultan II. He served
as a judge in various regions during the reigns of Bayezid and Siileyman the Magnificent. For more
information. Tagképruluzade, Osmanh Bilginleri, 346.

14  Although there are phrases like “Qutb al-Din, the father of Kazasker ‘Abd al-Karim Efendi” in all the
sources giving the biography of Taqi al-Din, the results of Mehmet Arikan, who has been researching
Qutb al-Din Chalabi for a long time and preparing an article on this subject, revealed that ‘Abd al-
Karim Efendi is the grandson of Qutb al-Din Chalabi. In addition, since ‘Abd al-Karim Mehmet is
shown as the son of Qutb al-Din’s son Mehmet in the genealogy given by Sitheyl Unver, the term
“grandfather” was considered more appropriate. See: Mehmet Arikan, “Kadizade-i Rimi”, Temel Islam
Ansiklopedisi, ed. Tuncay Basoglu (Ankara: Turkiye Diyanet Vakfi Yayinlari, 2020), 538; Sttheyl Unver,
Istanbul Risaleleri, haz. Ismail Kara (Istanbul: IBB Yayinlari, 1995), 11, 283-4.
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himself to mathematics and astronomy in response to this interest. He continued
his observations and research even while working as a judge in Egypt and Palestine,
maintaining and producing new studies. He came to Istanbul for the last time in
978/1570, during the reign of Salim II. He came under the patronage of Hodja
Sa‘'d al- Din Efendi (d. 1007/1599), one of the leading professors of the period
and teacher to Prince Murad III and they established a close relationship. It can be
said that this behavior of Taqi al-Din might have been effective in bringing him to
this post after the death of Mustafa ibn Ali al-Muwaqgqit® (d. 979/1571), the Chief
Astronomer/Astrologer of the Ottoman Court (Miineccimbag) at the time. Taqi al-
Din, who continued his observations and research that he'd started in Egypt while
performing his job as Chief Astronomer/Astrologer of the Ottoman Court,’ was
presented to Sultan Murad III, attracting the attention of Hodja Sa‘d al- Din Efendi
and the grand vizier of the time, Sokullu Mehmet Pasha, with his astronomy and
mathematical studies. Zij-i Ulugh Beg, the product of Samarkand Observatory was
the most recent zij in use; under the protection of these individuals. Taqi al-Din
presented Sultan Murad III with a petition stating his idea that this zij had errors
in it and was no longer able to meet current needs. Hence an observatory would
be needed to reorganize this zij. The project was approved by the Divan in 1575
and completed in 1577 with the construction of the Istanbul Observatory on the
hills of Tophane and its instruments. Observations and research were started next
under the presidency of the first and last director of the Istanbul Observatory, Taqi
al-Din al-Rasid. In the same year, Taqi al-Din presented Sultan Murad III with a
report on some of the predictions he had arrived at as a result of his observations.
This report heralded that negative developments would not occur and that the
Ottoman army would be successful against the Iranian-Safavid army. Despite the
success of the Ottoman army, a series of negative events such as an epidemic of
the plague and the successive deaths of some important individuals overshadowed
Tagqi al-Din’s scientific reliability in the eyes of the Sultan, which became a link in
a chain of reasons that shortened the life of the observatory. Taqi al-Din al-Rasid

was under the auspices of Hodja Sa'd al-Din Efendi who in turn had some political

15  One of the important names of 16th century Ottoman astronomy, on the life and works of Mustafa
ibn Ali al-Muwaqqit, see Sesen vd., OALT, I, 161-79; Thsan Fazlioglu, “Ali al-Muwaqgqit: Muslih al-
Din Mustafa ibn Ali al-Qustantini al-Rumi al-Hanafi al-Muwaqqit”, The Biographical Encyclopedia of
Astronomers, ed. Thomas Hockey vd. (Newyork: Springer, 2007), 33-4; fhsan Fazlioglu, “Mustafa ibn
Ali el-Muvakkit”, DIA, XXXI, 287-8.

16  Regarding the organization of Chief Astronomer/Astrologer, which emerged in the Ottoman state
in a regular and systematic way for the first time in history, see. Salim Aydiiz, “Osmanl Devleti'nde
Miineccimbagilik”, Osmanh Bilimi Aragtirmalar: 1 (1995), 159-208.
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conflicts that can be said to have been influential in Qadi-zada Ahmad Shams al-
Din Efendi, the Shay’kh al-Islam of the time. As a result Qadi-zada Ahmad Shams
al-Din Efendi issued a fatwa for the destruction of the Istanbul Observatory, cited
the fate of the states that owned the observatory. Ultimately, the first observatory
of the Ottoman Empire was destroyed on Thursday, January 22, 1580 per the
edict Sultan Murad III gave to Chief Admiral Kili¢ Ali Pasha. Taqi al-Din, whose
observations and research were left unfinished, tried to finish writing his books at
home. However, he did not survive long after the destruction of the observatory,
died in Istanbul or Damascus in 1585."

Although the Istanbul Observatory'® was active only for a short time, it
was Taqi al-Din al-Rasid’s most important achievement in terms of both the
observational instruments he invented and used there for the first time as well
as the variety of more useful solutions he brought to astronomical problems. In
particular, his efforts in attempting to apply decimal fraction calculus, which his
predecessor Jamshid Kashi had carried forward, to astronomical calculations for
the first time in history are noteworthy, especially in regard to trigonometry, which
is a branch of mathematics that had emerged from astronomy. This is because the
attempt to replace the use of the sexagesimal calculus system in astronomy, which
had been the tradition throughout history, for a new form that was considered
more functional was an important step.'® In order for these attempts and efforts
not to be in vain and his research to be accepted, Taqi al-Din first discussed the
computational systems and the various advantages and difficulties these systems
had when applied to various fields. In other words, after he convincingly put

forward the justifications for what he was trying to do, he put them into practice.

17  Aydin Sayih, The Observatory in Islam (Ankara: TTK Yayinlari, 1988), 289-92; thsan Fazlioglu, “Taqi al-
Din Aba Bakr Muhammad Ibn Zayn al-Din Ma‘raf al-Dimashqi al-Hanafi”, The Biographical Encyclopedia
of Astronomers, ed. Thomas Hockey vd. (Newyork: Springer, 2007), 1122-3; Hiiseyin Gazi Topdemir,
“Takiyyiiddin er-Rasid”, DIA, XXXIX, 454-5.

18  For detailed information about the establishment of this observatory, its physical structure, activities,
the working astronomers, the instruments used, the observations made there and the works written,
see. Sayili, The Observatory in Islam, 289-305; Remzi Demir, “Istanbul Rasathanesinde Yapilmig Olan
Gozlemler”, Belleten 57 (1993): 161-72. On the model of the globe in the Istanbul Observatory and
related to it, Taqi al-Din and cartography activities in the 10/16th century Ottoman and Europe, see:
Aydin Sayili, “Ugiincit Murad'in Istanbul Rasathanesindeki Miicessem Yer Kiiresi ve Avrupa ile Kiiltiirel
Temaslar”, Belleten 25 (1961): 397-445.

19  For more detailed information about Taqi al-Din’s application of decimal system instead of sexagesimal
system to astronomy and trigonometry and the trigonometric tables he created with both systems,
see: Remzi Demir, Takiyiiddinde Matematik ve Astronomi (Ankara: AKM Yayinlari, 2000), 28-36; Remzi
Demir, “Takiyiiddin Ibn Ma‘raf’'un Ondalik Kesirleri Trigonometri ve Astronomiye Uygulamasi”,
Osmanl Bilimi Arastirmalar1 1/2 (1998): 187-209.
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Despite the need for nearly 30 years of observation in the observatory to prepare
an accurate zij, he maintained his observations before and after the short-lived
observatory. Even though he was unable to complete his observations, he was able

to create two different zijs.

In summary, Taqi al-Din al-Rasid was educated in both Egyptian and Damascus
madrasas and had been able to get his hand on the works of Ali Kuscu, Qadi-zada
al-Rumi and Jamshid Kashi through ‘Abd al-Karim Mehmet, the great-grandson
of Ali Kugcu. In this way, the Samarkand School of Mathematics-Astronomy and
the Egyptian-Damascus mathematical traditions were harmonized through him.
The synthesis that formed was manifested both in the studies he prepared at the

observatory and in his other works.

Today, we have more than 20 works in total that Taqi al-Din al-Rasid wrote.
He was the greatest astronomer the Ottoman Empire had trained in the fields of
medicine, mechanics, optics and mathematics, especially astronomy, the scientific
path to which he devoted his life. Accordingly, he has one work on medicine, two on

mechanics, one on optics, sixteen on astronomy and six on mathematics.?

3. Taqi al-Din al-Rasid’s treatise Nisab al-mutashakila fi ‘ilm al-
jabr wa-al-mugqabala

This work, whose title can be translated as Homologous Proportions in the
Science of Algebra and al-Mugabala consists of an introduction, three chapters and

a conclusion.

In the introduction, the terms ‘ilm al-jabr [the science of algebra] are defined
one at a time after classifying the primary and the secondary terms. In addition to
this, the intro discusses the concept of exponents and the growth-reduction of any
known or unknown exponential quantity in terms of the values in both integer and

fractional forms.

The first chapter is titled “On Calculations” and explains how to perform four
operations using algebraic expressions through rules and examples. In this chapter,
Taqi al-Din explains that the terms and expressions in which the four operations
will be performed are: of the same type (e.g., x, 3x, 10x); of different types (x,x%x°);

20  For detailed information about Taqi al-Din’s works, see. Fazlioglu, “Taqi al-Din”, 1122-3; Topdemir,
“Takiyytuddin er-Rasid”, 454-5; Sesen vd., OALT, I, 202-17; Sesen vd., OMLT, I, 83-7.
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are positive or negative; and monomial and polynomial cases. He presents these one

by one and gives appropriate examples.

The second chapter is titled “About the Rules.” Put more clearly, this chapter
explains how the equations being discussed are ready to be solved using various
methods. These methods are al-jabr [completion], hatt [reduction], and mugdbala

[combining like terms].

The third and last chapter of the treatise is “Algebraic Equations.” and concerns
six types of equations called mufradat [non-complex] and mugtaringt [mixed
combinations], which had not lost their importance or usefulness in the period
between Khwarizmi and the author. Taqi al-Din illustrates three non-complex
and three mixed combination equations using examples, following these up with
two examples of equations that do not fit the six equation types and need to be
converted by completion/reduction operations. Lastly, he presents cyclic (al-dawr)
problems and explains how to convert the problem into an algebraic equation and

the method for solving it.

The conclusion is presented under the title “Solutions to Common Algebraic
Equations Revealing the Secrets of This Science”; this section examines four algebra

problems and explains their solutions.

3.1. The Method Followed in the English Translation

(i) Because algebraic terms such as jazr, dil’, shay’, mal, and ka'b will be expressed
using notations in the mathematical evaluation section, they have not been
translated but preserved as is. However, where these terms are first mentioned
in the text, the closest possible equivalent will be given in square brackets. This
method has been followed due to all these terms having neither a one-word nor
one-to-one English equivalent. The issue of modern mathematics being mostly
composed of symbols despite the work being written in the language of verbal

mathematics should be added to this situation.

(i) In places where concepts and terms are first mentioned, their original
Arabic is also given in parentheses; later occurrences will only use the English
equivalent. A kind of in-text dictionary has been created in this way to familiarize
the reader with classical mathematical concepts. In addition, because the text uses
concepts such as manzil, mufrad and murakkab in more than one sense, the reader

may encounter different English translations.
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(iii) As pronouns are used frequently in Arabic due to the language structure,
and this structure is not suitable for English, the antecedents indicated by pronouns
have been reflected in the translation.

(iv) In order to ensure fluency, words or expressions in parentheses have been

added to some sentences.

(v) Mathematical expressions and numbers occur in quotation marks to avoid
confusion with the text.

3.2. Copy Information and Method Followed for the Editio Princeps

Sources referred to as OMLT and MAOS stated one of the copies of Nisab al-
mutashakila fi ‘ilm al-jabr wa-I-muqabala to be at Oxford and two others to be at
the Cairo National Library.”* The attempt was made to access records on the copies
in Cairo using both electronic and printed sources, but no information could be
obtained.?? As for the Oxford copy, all works mentioning Taqi al-Din’s algebra book
provide the copy information as “Oxford 1.881/3” but no such collection name or
number is found in the electronic records of Oxford University’s Bodleian Library.
According to the research, some manuscript collection records in this library had
been renewed, and the name and number of the collection where Taqgi al-Din’s
algebra work was found is now “MS. Greaves 3/3.”%® Nisab al-mutashdkila is the
third treatise of a majmua [compilation] of five treatises, located between Folios
39a-42b. The entire contents of the journal can be given as follows:**

(i) Taqi al-Din al-Rasid, Rayhdnat al-rah fi rasm al-sd‘at ‘ald mustawi al-sutih,
2r-29r (On sundials).

21  Cairo, Dar al-Kutub, Miqat 557, ff. 44v-48r; Cairo, Taymur Riyada 140/10, ff. 52-61; Oxford, I, 881.
For more information see: Sesen et. al., OMLT, 1, 85-6; Boris Rosenfeld and Ekmeleddin Thsanogluy,
Mathematicians, Astronomers and Other Scholars of Islamic Civilization and Their Works (MAOS) (Istanbul:
IRCICA, 2003), 333.

22 To search for a catalog on the website of the national library Dar al-Kutub wa al-Wathaiq al-Qawmiyya
in Cairo: http://41.33.22.69/uhtbin/cgisirsi.exe/?ps=0Szb2mqJQV/ELDAR/X/60/484/X. For the
index of the Taymur Collection, see: Anonymous, Fihrist al-Khizdna al-Taymiriyya (Cairo: Dar al-Kutub
al-Masriyya, 1948), I-IV. For scientific works in all collections of the library, see: David A. King, Fihrist
al-makhtutat al-ilmiyya al-mahfiza bi-Dar al-Kutub al-Masriyya (Cairo: Dar al-Kutub al-Masriyya, 1981-
1986), I-I1I.

23 https://www.fihrist.org.uk/catalog/work_6686. To find out where the name of the Greaves collection
comes from and to look at the copies that have been transferred to the electronic environment. https://
digital.bodleian.ox.ac.uk/collections/greaves/

24  Iam grateful to Taha Yasin Arslan and Mehmet Arikan for helping me reach this majmua.
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(ii) Taqi al-Din al-Rasid, Kitab al-Thimar al-yani‘a fi qutif al-dlat al-jami‘a,
30r-37r (ta'lig on the use of the spherical astrolabe).

(iii) Taqi al-Din al-Rasid, Nisab al-mutashakila fi ‘ilm al-jabr wa-I-mugabala,
39r-42v.

(iv) Jamshid Kashi, al-Risdla al-kamaliya fi maqadir al-ajram al-falakiya, 43r-54y

(On calculating the distances and volumes of the planets).

(v) Anonymous, A work on three or four geometrical problems, in reply to

Muhammad Efendi Baqqal-zada 54v-59r (On planar shapes)

The introduction of the anonymously labeled last treatise informs that the
work was prepared in response to Baqqal-zada Muhammad Efendi’s® (d. 1596)
question. However, the anonymous author in the sentences that follow in the
introduction mentions having been asked a question while he was in a group at Dar
al-Rasad al-Sultani (The Istanbul Observatory). In addition to this, the phrase “Taqi
al-Din al-Rasid said this” is written at the end of the work. In this case, although
the treatise needs further examination, it should be considered as belonging to

Taqi al-Din.*

The justification for the information given above about the journal in which
the algebra treatise is located is to show that journals in the classical Islamic
scientific tradition were not composed of works randomly brought together; they
mostly consist of subjects and works that require and support each other and are
desired to be learned together. Excluding Jamshid Kashi’s treatise, the fact that the
journal consists of Taqi al-Din’s studies on mathematical astronomy, astronomical
instruments and mathematical works is very important for understanding the
methods and tools the author used in his works, especially in astronomy and
mechanics. However, researching and revealing the extent and way the information
given in the algebra work was used in other works is beyond the scope of this article

and it requires interdisciplinary studies.

25 It is reported that he worked as a mudarris and chief doctor in the Silleymaniye Medical Madrasa
but was mostly known as the chief astrologer. It is probable that he was appointed as the chief
astrologer after the death of Tagi al-Din. It is necessary to add to this the possibility that he worked
in the observatory with Rasid. There is information that he is proficient and famous in mathematical
sciences, especially medicine and astrology. For more information see: Tuncay Zorlu, “Siileymaniye Tip
Medresesi” (Yiiksek lisans tezi, Istanbul Universitesi, 1998), 114. p—

26  The part mentioning the observatory in 54v at the introduction of the treatise: =y KE R

The part where Rasid’s name is mentioned in 57v at the end of the treatise: G&WEJ{ ]

o

oT s
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As for the method followed for the editio princeps, a few things need to be
pointed out:

(i) Only the accessible copy of the work (i.e., the MS. Greaves 3/3 copy) has
been used and the copy is marked with the letter “z” in the footnotes.

(ii) As no indication exists that the copy is the author’s or had been copied or
compared from the author’s, the errors and deficiencies in the copy are given in the

footnotes and only proper expressions are reflected in the text.

(iii) In the text, both the chapter titles and important concepts are written in
bold font, making it easier for the reader to follow.

(iv) In accordance with the publication of mathematical works, each
mathematical definition, operation, rule and example is separated paragraphically,
thus avoiding a possible confusion. In addition, punctuation marks have been used
in accordance with this situation.

4. Mathematical Analysis” and Historical Evaluation: Homologous
Proportions in the Science of Algebra and al-Mugabala®

4.1. Introduction: Explanation of Algebraic Terms*

27  Iam grateful to Dr. Zehra Bilgin for reading and evaluating this section.

28 It should be emphasized that Taqi al-Din Rasid named the algebra book “Nisab al-mutashakila”, that is,
“homogeneous/same type ratios”. Because, if the name of the work and its underlying meanings are
understood, what it tries to highlight and what it emphasizes throughout the work can be realized in
a better way. The concept of “ratio” is one of the most frequently used concepts throughout the text.
This concept is applied at every stage, from the relationship between terms expressing the unknown,
to multiplication and division, from completion (algebra) to reduction (hatt). For example, the author
expresses the relationship between the thing/root (shay’/jazr), square (mal) and cube (ka'b) as follows:
“The square becomes internal term (like internals in proportion) in the ratio between cube and
root and this ratio is the secret of extracting the unknowns in the science of algebra.” As can be seen,
knowing the proportion between the types according to the author is the key to solving equations, so
to speak. Although it is not a case before that Taqi al-Din Rasid put forward the concept of ratio in the
science of algebra and gave such a name to the work of algebra, it is considered normal when the entire
history of classical mathematics is taken into account. Because, when the number theory (‘ilm al-‘adad),
calculation (‘ilm al-hisab), theoretical geometry (al-handasa) and applied geometry (al-masaha) books
in the tradition are examined, it is understood how important the aforementioned concept occupies.
Ratio becomes even more important, especially in the tradition of oral (hawa’) calculation; together
with multiplication and division, it forms the legs of the field. For detailed explanations about this
situation in the context of the author and the work, see: Thsan Fazlioglu, “Hesap”, DIA, XVII, 257-60.

29  Almost all separate algebra works and algebra sections of general mathematics books, including al-
Kitab al-Mukhtasar fi Hisab al-Jabr wal-Mugqdbala, the first separate algebra book of al-Khwarazmi
known in history, begin with the introduction of basic algebraic terms. It is certain that the content of
this entry changes according to the type, volume, addressee and period of the work. As in this work,
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4.1.1. Primary Terms>°

30

31

jazr or dil’:”" a€R\{0} and a.a=a>=Fachaisa jazr or dil'

other works in the tradition usually do this part under the title of introduction. In the mathematical
tradition of Islamic civilization, in order to examine the relevant part in the algebra book or chapters
that lead the course of the science of algebra, respectively, al-Khwarazmi, Aba Kamil Shuja’, al-Karaji,
Omar Khayyam, Samaw’al al-Maghribi, Sharaf al-Din al-TtsI, Ismail ibn Fallas (Mardini), Ibn al-Banna,
Ibn al-Ha'im, Jamshid Kashi and Ali Qushyji can be followed: Rushdi Rashid, Riyadhiyyat al-Khwarizmi:
Ta’sts Ilm al-Jabr, trans. Nikola Faris (Beirut: Markaz Dirasat al-Wahda al-Arabiyya, 2010), 168; Roshdi
Rashed, Abu Kamil Algébre et Analyze Diophantienne: Edition, Traduction et Commentaire (Berlin:
De Gruyter, 2012), 247; al- Karaji, al-Fakhri fi al-jabr wa-al-mugabala, Sulaimaniya Library, Laleli
2740, ff. 30v-31r; Rushdi Rashid and Ahmad Jabbar, Rasail al-Khayyam al-Jabriyya (Aleppo: Ma’had
al-Turath al-Ilmi al-Arabi, 1981), 4; Salah Ahmad and Rushdi Rashid, al-Bahir fi al-jabr li-Samaw’al al-
Maghribi (Damascus: Matbaat al-Jamia, 1972), 17-20; Rushdi Rashid, al-Jabr wa-al-handasa fi qarn
al-thani ashar: Muallafat Sharaf al-Din al-Tasi, trans. Nikola Faris (Beirut: Markaz Dirasat al-Wahda
al-Arabiyya, 1998), 448-9; Ismail Mardini, Nisab al-habr fi hisab al-jabr, Landberg 199, ff. 3r-3v; Ibn al-
Banna al-Marrakusi, “Kitab al-Jabr wa-al- muqabala”, Ta’rikh ilm al-jabr fi al-a’lam al-Arabi, ed. Ahmad
Salim Saidan (Kuwait, 1986), II, 506-507; Ibn al-Ha'im, al-Mumti’ fi Sharh al-Muqni’, Chester Beatty
3881, ff. 2v-7r; Jamshid Kashi, Miftah al-Hussab, thq. Nadir Nablusi (Damascus: Matbaat al-Jamia,
1988), 392-394; Ali Kuscu, Risala al-Muhammadiya fi al-hisab, Laleli 2715, ff. 111r-111v.

The earliest dated work in which these terms, which are indispensable for the science of algebra, are
classified as primary and secondary degree monomials and represent a regular structure is the algebra
book al-Mumti’ by Ibn al-Ha'im. The author’s reason for making such a distinction should be sought in
how algebra is verbally expressed because, starting from the 4th-degree monomial where the secondary
terms begin, the concepts that define the primary terms repeat with appropriate combinations, and
no new conceptualizations are used. That’s why the first three terms/concepts are primary and the
next are secondary. For a detailed review, see Ibn al-Ha'im, al-Mumti’, ff. 2v-7r. Considering that Rasid
grew up in the scientific environments in the triangle of Cairo, Damascus, and Istanbul, it would have
been normal for him to have been influenced by the Egyptian mathematical tradition to which Ibn al-
Ha'im also belonged. In addition, the reference to Ibn al-Ha’im at the end of the chapter on fractions
strengthens the assumption that Rasid had read his works and been influenced by him.

The term jazr, which expresses the square root of any number, and the term shay’, which expresses
the variable in the problem or equation were used interchangeably, especially in the first centuries
of the Islamic mathematical tradition. The probable reason for this attitude is that shay’ (e.g., x) is
also the jazr [square root] of the equation. While the concept of shay” has been present in theology
and philosophical sciences since early times, its first use as an algebraic term to express an unknown
is attributed to Khwarizmi. However, Khwarizmi unexpectedly makes no mention of the term shay’
in the introduction, instead using the term jazr for the unknown until the first sentence of the
multiplication section after introducing the types of equations and explaining them with examples.
In the first sentence of the chapter on multiplication, he says, “I will tell you how to multiply shay’s
(unknowns) that are weighted, as if he were using a term he always does. From here on out he uses this
term a lot. While Abu Kamil showed a similar attitude, al-Karaji gave other pairs of terms that seem
to be synonymous with each other, stating them to signify the same meaning but to be different in a
way that only the experts of this science know. His follower, Samaw’al, explained in detail that a genus-
species relationship exists between all these seemingly synonymous terms. However, the author who
handled this problem most to the point was Ibn al-Ha'im. Rasid’s emphasis on the difference between
shay’ and jazr can also be traced back to Ibn al-Ha'im. The issue of the difference between shay’ and
jazr is explained in detail under the footnote following the title of the English translation. For more
information on the above, see Rashed, Riyadhiyyat al-Khwarizmi, 180; al-Karaji, al-Fakhri, etc. 30b-31a;
Ahmad and Rashed, al-Bahir, 18-19; Ibn al-Ha 'im, al-Mumti’, vr. 4b-5a vr. For an examination of the
issue in the context of algebra produced in the Ottoman classical period, see. Elif Baga, “Osmanh Klasik
Dénemde Cebir” (PhD thesis, Marmara University SBE, 2012), 103-105.
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jazr or shay’: x€R\{0} and x.x=x’=Each x is a jazr or shay
shay’: x€R\{0} = x is called as shay
mal: x.x=x> and for each x (jazr or shay) x? is called mal

ka‘b and mukaa‘b: x.x=x’; for each x (jazr or shay) and each x°

(mal), x.x*>=x*=> x® is called ka'b or mukaa'b

4.1.2. Secondary Terms*?

32

33

mal-al-mal: x€ER\{0} and x.x*=x* and x° x’=x*=> x*is called mal-al-mal
mal-al-ka‘b: xER\{0} and x.x*=x> and x>.x°=x"=> x°is called mal-al-ka‘b

ka‘b-a’l-ka‘b: x€R\{0} and x.x°=x% and x°.x’=x%=> x8is called ka‘b-a’l-ka‘b

1 2 3 4 5 6 n
-Proportionalityox_=x_=x_=x_=x_=x_= =
X0 xT  xZ  x3  x& x5 xn-1
x€R\{0}, nEN and
1 1 1 11 11 11
— = 22 432 ,Ah__.7 ,5__._ ,6__._
x—2=>x 2 X g’ X 8 2 X 8 7 X g'g

Just as numbers are infinity, secondary algebra terms are infinite and are made using the terms square
and cube. All algebraists in the tradition agree on this point. The reason why the literal expressions,
spellings, pronunciations and sequences of the terms are important and that these subjects are
emphasized in the works is that the science of algebra is completely verbal until the about 14*-15th
century, and after this interval, both verbal expression and numerical representation are together.
On discussions such as whether notation exists in the mathematical tradition of Islamic civilization,
and if so, when and how it started, see: Salih Zeki, “Notation Algebrique chez les Orientaux”, Journal
Asiatique 9/11 (1898): 35-52. For the translation of the article, see: Remzi Demir, “Salih Zeki Bey’in
Journal Asiatique’de Yayinlanan ‘Notation Algebrique Chez les Orientaux’ Adlh Makalesi”, OTAM 15
(2004): 333-353. In this article, Salih Zeki, mentions a treatise on algebra called Ziyadat al-masail al-
jabriyya ala al-sitta whose author could not be found because the first leaf was lost. He says that the
author of the treatise is a Turk, but does not explain the reason for this opinion. Throughout the article,
he presents the algebraic notation in this treatise, which was copied in 1430. This author, whom Salih
Zeki could not identify, is Ibn al-Majdi of Turkish origin, a member of the Egyptian mathematics-
astronomy school. The work is the algebraic part of the author’s work called Hawi al-Ilubab fi sharh
Talkhis a‘'mal al-hisab. For copies, see: Anonymous, Ziyadat al-masail al-jabriyya ala al-sitta, Stleymaniye
Library, Laleli 2734, ff. 1r-17v; Ibn al-Majdi, Havi al-lubab fi sharh Talkhis a'mal al-hisab, Sileymaniye
Library, Laleli 2741, 161 ff. To look at the issue of algebraic notation from another perspective: Jeffrey
A. Oaks, “Algebraic Symbolism in Medieval Arabic Algebra”, Philosophica 87 (2012): 27-83.
Proportions/ratios are one of the most basic subjects in classical mathematics. This subject, which is
expressed through the concept of proportionality, is a way of understanding the relationships between
numbers, the name suggests. This is one of the reasons why it has an important position in both
calculus and algebra. In addition, Rasid’s use of the expression “Homologous Proportions” in the title
of the treatise should be noted, as al-Karaji in almost all algebraic studies establishes the ratio between
the exponential states of shay’ [x] from O to infinity. It shows their relations while at the same time
prepares the basis for multiplication and division of algebraic expressions.
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» Powers and how they are composed

jazr=x'=>1-power

mal =x*=>2"4-power

ka‘'b=x* = 3 power

mal-al-mal =x*=x*x*=> 4*- power

mal-al-ka'b =x*=x>.x>=> 5%- power

ka'b-al-ka'b =x5=x°.x* = 6™- power

mal mal-al-ka'b =x"=x>.x>.x> = 7®- power

mal ka'b-al-ka'b =x*=x*.x°.x* = 8™- power -or-
mal mal mal-al-mal =x%=x2.x*.x*.x> = 8®- power
ka'b ka'b—al-ka'b =x°=x°5%.x> = 9®- power -or-
mal mal mal-al-ka'b =x’=x>.x*.x*.x> = 9%- power

4.2. Chapter One: Calculation®*

This chapter aims to prepare the reader or student before moving on to the theory of algebraic
equations by showing how to do calculations with algebraic expressions (e.g., x, y, z). The idea of
including such a section in algebra books is based on a very fundamental idea: The problems/equations
encountered are diverse and many stages such as addition, subtraction, multiplication, division and
exponents are required while solving them. The way to successfully pass this stage is to know that all
calculations made with real numbers can also be done with algebraic expressions. It is possible to find
such a section in all algebra books written since al-Khwarazmi, albeit at different levels and contents.
However, as the centuries pass, the development, expansion and change in the relevant section do
not go unnoticed. While al-Khwarazmi deals with multiplication, addition-subtraction and division
with algebraic expressions very superficially, Aba Kamil additionally details the operations made with
square root algebraic expressions. al-Karaji is a turning point in this regard. Because the concept of
“arithmetization of algebra” emerged on the algebraic attitude of al-Karaji. Although he did not break
the tradition and started the calculation part with multiplication, he also added the odds-proportion,
rooting of highly rooted numbers, binomial expansion and proof, series and properties of numbers.
In this case, it can be said that he expanded and deepened the science of algebra to include algebraic
versions of all calculus operations. His follower, Samaw’al al-Maghribi, has preserved al-Karaji ‘s titles,
but also included the trench proofs of the same algebraic calculations. Thus, it can be thought that
al-Maghribi strengthened the algebra building that his predecessor al-Karaji had expanded and raised.
As for the Maghrib tradition, it is seen that Ibn al-Banna exhibited a similar attitude to al-Karaji in his
work on algebra, but focused on the applications of algebraic calculation rules through examples. In
addition, Ibn al-Banna gives the basic terms and six equation types in the algebra and reaction part of
his summary work Talkhis a‘'mdl al-hisab, which includes both the known and the unknown calculations,
then gives addition and subtraction operations, unlike the previous ones, then multiplication and goes
to the partition. Combining Maghrib and Mashriq mathematics within the Egyptian mathematical
tradition, Ibn al-Ha'im starts algebraic calculations with addition and subtraction and, unlike Ibn al-
Banna, gives the reason for this. According to him, “if the calculation with known numbers is started
with addition and subtraction for pedagogical reasons, the same thing should be done here”. Besides,
instead of binomial expansion and series in al-Karaji’s book, he introduces polynomial rooting and
indefinite analysis. As for Rasid, since the work is both concise and introductory, he only places bets
on addition, subtraction, multiplication and division, respectively. The point that should be noted here
is that Rasid followed Ibn al-Ha'im’s order of operations in his work, and operations like him, algebraic
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4.2.1. Addition
4.2.1.1. If there are no negative terms:

+ Adding terms of the same type/power (x,3x,10x...) is similar to adding

numbers.
+ Adding terms of different types/powers (x, X2, x°...)
a, bER\{0} and ax+bx%=ax +bx?

3x+4x%=3x+4x?

4.2.1.2. If there are negative terms:

» Adding terms of the same type (x,3x,10x...)
If only one part has a negative term:
(5x%-2x)+3x?=(5x%+3x? )-2x=8x2-2x

If both parts have a negative term:
(4-5x)+(6-3x)=(4+6)-(5x+3x)=10-8x

o Adding terms of different types (x, x%, x°...)

No example is provided.

4.2.2. Subtraction

o Subtracting terms of the same type (x, 3x, 10x...) is the same as with numbers.
o Subtracting terms of different types (x, x?, x°...)

a, b €ER \{0} and ax-bx?>=ax-bx? or bx>-ax=bx?-ax

Example: 3x-4x?=3x-4x? or 4x?-3x=4x>-3x

a, b, c R \{0} and (ax?-bx) - cx=ax2- (bx + cx) =ax2- [x (b +¢)]

Example: (7x*-x)-5x="7x>- (x+5x) = 7x*- 6x

a, b, c, d € R\{0} and (ax®*- cx) - (bx*-d) = (ax*+d) - (bx*+ cx) =

Example: (5x*-3x)-(4x>-2)=(5x%+2)-(4x>+3x)

terms and expressions of the same type - different types , being positive-negative, mononomial-
polynomial, separating the main headings into subheadings. To reach the information given above
and more, see: Rashed, Riyadhiyyat al-Khwarizmi, 180-90; Rashed, Abu Kamil Algébre, 281-319; al-
Karaji, al-Fakhri, 31v-48r; Ahmad and Rashed, al-Bahir, 22-71; Ibn al-Banna, Talkhis a'mal al-hisab, thq.
Mohammed Suwaysi (Tunisia, 1969), 73-7; Ibn al-Ha'im, al-Mumti’, ff. 9v-32v.
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4.2.3. Multiplication

o For cases where the factors are monomials:
a,b,ER\{0} a.b=x= %=%

a, b, ER\{0} and n €N and also ax".b=(a.b) x*

a, b, ER\{0} and n, m €N and also ax".bx™=(a.b) x®+™
Example: 4.(2x)=8x

o For cases where the factors are polynomials:
a,b,c,d€R\{0} and n, m EN and

(a+bx?).(c+dx™) =a.c+(a.d)x"+ (b.c) x"+ (b.d) x®™+™
Example: (5+2x).(6+3x)=30+15x+12x+6x>=30+27x+6x>

» For cases with positive and/or negative factors:*

(+).(0=(+) ().0=(+)
(+).0=0) O).(1=0)

Example 1: (5-2x) x (6-3x) =30-15x-12x + 6x*>=30-27x + 6x>
Example 2: (5+x)x(10-x)=50-5x+10x-x?=50+5x-x>
« For cases where one of the factors is a fraction:

1 __sa
a, b, ER\{0} and n, m €N where ax“.bx—m =x"m (B)

4.2.4. Division
4.2.4.1. Single-term division

Three cases can occur when dividing any primary and secondary term into
another one. Either the term is divided by itself, or by a term whose exponent is
smaller than itself, or by a term whose exponent is greater than itself. Therefore, the
issue of dividing a single term into another single term is one of these three types.

35 This is one of the remarkable rules in the history of mathematics. It can be said that this rule,
which concerns all fields of mathematics except for theoretical geometry (al-handasa), is known in
other ancient civilizations, especially in the ancient Mesopotamian civilization, but it is only used in
problem solutions and its proof is not presented as a rule. As for the mathematical tradition of Islamic
civilization, it is expressed as a rule in the multiplication chapter of the algebra book of al-Khwarazmi,
which is the earliest work that has survived, but it is not proved. In fact, the work, as al-Khwarazmi
stated in the introduction, appeals to the general reader and is written in accordance with this level.
Mathematicians who came later also included this rule in their calculus or algebra works.
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» Division by the term itself

ax™ 1 ax™ a d bx™
—_— ) —_— = — an =
ax? bx® b axn

a,b, R \{0} a>b,nE N where

NNy

e Division of a higher-order term by a lower-order term
n

ax __,a
a,b, ER\{0} n,mEN, n>m and b xnm (B)
6x3 6 6x3 6\ 2
E les: X _ 3—2_(_) = o _ 3—2_(_) -=
xamples: o5 =x 5)=3x and o2 =% 5)=3*

» Division a lower-order term by a higher-order term
ax”" 1 a
a,b,ER\{0} n,mEN, n<m where — = ( )

bxm  xmn \p
E 1-5x2—1 5 1 8r 1 8 1 8x 1 8 12
YAMPESEE T 5Ty 20wl @ i i1z o3

4.2.4.2. Division of a single term or many terms into many terms

It's a trade secret, and anyone who confines themself to the six types of

equations doesn’t need it.

36

4.3. Chapter Two: The Rules
4.3.1. al-Jabr®®

There is no conflict about the “al-jabr” word being the name of this science throughout the classical
algebra tradition since al-Khwarazmi’s work was written. However, there are different opinions about
whether the same word also expresses some of the equation solving techniques. al-Khwarazmi uses
the concept of “al-jabr” as in the concept of “thing” without any explanation and includes it in the last
paragraph of the division with algebraic expressions. Accordingly, he expresses the operation of using
the verb form of the word “al-jabr”. From here and right after that in the section where he describes
six types of equations, it is seen that he uses this concept in the sense of “positing”. As a result, al-
Khwarazmi uses the concept of “al-jabr” to express the positive state of whichever expression in the
equation is negative, adding to both sides of the equation, thus making the terms of the equation
positive. Abu Kamil continues the same attitude. Al-Karaji says that there is a need for a definition of the
concept of “al-jabr” under the title of six types of equations and gives the definition that expresses the
positivization of the equation terms. Al-Maghribi uses this concept very rarely and equally in the sense
of making positive. While Mardini also maintains the al-Maghribi attitude, he says that “al-jabr” has
two meanings in the al-Tajnis of Hanafi jurist Siraj al-Din al-Sajawandi, one of which is positivization,
and does not mention the other meaning. The possible reason for this is that he prefers the word “al-
takmil” for the other meaning “completion”. On the other hand, while Ibn al-Banna expresses both the
positivization of the equation terms and the problem-solving method with the concept of “al-jabr” in his
algebra, in his Talkhis, “al-jabr” is to complete the simple fraction to “one”. As for Ibn al-Ha’im, he offers
a summary of the evolution of the concept of “al-jabr”, saying that “the word “al-jabr” is sometimes used
as the opposite of “al-hatt” [reduction] and sometimes as the opposite of “al-mugabala”, and sometimes
to express this science itself”. However, throughout his work, he uses the concept of “al-jabr” both
to make negative terms positive and to complete it (total) if the coefficient of the unknown with the
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Fora, b, ER\{0} n €N, a<b, in the equation [(%) X xn]

to make change the coefficient of (x") equal to 1 apply the following

1 % b| and multiply all terms in the equation by b
—_—== > y=— a
y 1 a
z 1
Example: y=xt>y= 3 becomes ¥ = 1+3
4
2 1
When substituting this for y [T : (1 + §> = xz]

equality is achieved,provingy =1 + %
Another method: Fora, b, ER\{0} n EN | a<h,

to make the leading coefficent [(%) . xn]

a

multiply it by |4 1-p
b
3
o (3x* -1 -3
Example: The equation 7 Xy=x becomes|y =1+ 3
4
according to the above method. When substituting this value, it becomes
3
3¢% 1+1—z _3x2x(1 1x4)_3x2x4_ )
z 3 |7 173)T ¢ *37%
4

and appears to provide equality, so y = g .

highest degree is less than “one” in the equation. Tagi al-Din Rasid, on the other hand, explains how to
complete it to “one” if the coefficient of the unknown is less than “one” under the heading of algebra,
as seen in the operations given above, and he never mentions the positive meaning of this concept
throughout the text. In this case, it can be thought that the concept of “al-jabr” started out with the
meaning of making the terms of the equations positive, and after 3-4 centuries it was used both in
terms of positivization and completion, and 3-4 centuries later, the meaning of positivization began to
disappear and only evolved into the meaning of completion. For resources, see: Rashed, Riyadhiyyat al-
Khwarizmi, 190-216; Rashed, Abu Kamil Algebre, 321; al-Karaji, al-Fakhri, etc. 48b; Ahmad and Rashed,
al-Bahir, 102; Mardini, Nisab al-habr, ff. 8v; Siraj al-Din al-Sajawandi, al-Tajnis fi al-jabr wa-al-mugabala,
Ayasofya 3991, ff. 13v-14r; Ibn al-Banna, “Kitab al-jabr wa-al-mugabala”, 542-544,557; Ibn al-Banna,

Talkhis, 56, 74-75; Ibn al-Ha’im, al-Mumti’, 2a, vr. 49b-50a.
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4.3.2. al-Hatt*"
. . a
a, b, ER\{0} n EN, a>b, in the equation [(E) . x“]
o make change the coefficient of (x") equal to 1 apply the following
y 1 a and multiply all terms in the equation by b
i=z=v (=1 a

1
but when [(b =1> % 5= 1| so multiply all terms of the equation by 1
a
4x2

3

Example: ¥+ =% 5 4>3and =
Xample: X +?—T=> > 3an E—
3

Another method: For g, b, ER \ {0} n €N where a>b, to make the coefficient

a a_
in the expression [(B) X xn] is 1, multiply itby [, _ b 1

2

> .
2=

o w

a

b

It is to reduce to 1 if the coefficient of the unknown with the largest degree in the equation is greater
than 1. The dictionary meaning of the word “hatt” is similarly to lower, lower and lower. The interesting
aspect of this concept is that it belongs to the Maghrib mathematical tradition as far as it can be
determined. Because when the algebraic works written in the east from the beginning of the algebra
tradition are examined, it is seen that the word “radd” is preferred for this process. The earliest dated
work in which the concept of “hatt” was used is Ibn al-Yasamin’s (d. 1205) al-Urjiza, a verse algebra
work. Here, Ibn al-Yasamin states that if the coefficient of square in the equations is greater than 1,
the “hatt” operation should be performed, and if it is smaller, the “jabr” operation should be performed.
In addition, if there are negative expressions in the equation, it also refers to the concept of “jabr”,
which means making positive. Ibn al-Mun’im, Ibn al-Banna and al-Qalasadi maintain the same attitude
in their account books in the expression of the reduction process with the word “hatt” after Ibn al-
Yasamin. Combining the traditions of eastern and western algebra and calculus, Ibn al-Haim gives all
the concepts used in Islamic geography, such as “jabr” and “takmil” for completion, “hatt” and “radd”
for reduction, but he seems to be preferred the concepts of “jabr” and “hatt” which are the concepts
of the Maghribi tradition. As in the previous issues, it can be thought that Rasid exhibited a very
similar stance with Ibn al-Ha’im, and was also influenced by the Maghrib calculus-algebra tradition in
general. For resources, see: Ibn al-Yasamin, Manzimat Ibn al-Yasamin fi a'mal al-jabr wa-al-hisab, thq.
Jalal Shawki (Kuwait, 1988), 43; Ibn Mun'im al-Abdari, Figh al-hisab, thq. Idris Murabit (Rabat: Dar
al-Eman, 2005), 341; Ibn al-Banna, Talkhis, 75; al-Qalasadi, Kashf al-asrar an ilm al-khuraf al-ghubar,
thq. Muhammad Suwaysi (Tunisia, 1988), 74-75; Ibn al-Ha'im, al-Mumti’, ff. 49r-49v.
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4.3.3. al-Muqabala®*®

Fora, b, c, d ER\{0} and n, m € N where %xn +bx =c

a
or —x"=cor -x"=bx™ =
d d
n d n n m
x"+bx-—=c-— or x"=c-— or x™=Dbx™-
a
dx” — ax" dx" — ax"
Fora<d¢x”+bx=c+T or x"=c+T
dx? — ax™?
or x"=bx™ 4+ ———
d
N ax™ — dx™ n ax™ — dx™
Fora>d =2 x"+bx=c———— or x"=c—————
d d
ax? — dx™
or x“=bxm—T

The other concept, which is in the name of the science of algebra and is also the name of one of the
equation solving techniques, is “muqgabala”. In fact, the vital importance of “al-jabr” and “al-muqabala”
techniques in solving equations is the possible reason for naming al-Khwarazmi'’s book as “Algebra and
Mugabala”. It should be noted here that this operation can be done when there are mutually identical
terms on the right and left sides of the equation. Because this is the point that separates this concept
from “al-jabr” in the sense of making the terms of equations positive. If there is a negative term on
one side of an equation and another term of the same type, negative or positive, on the other side, it is
possible to go to the solution without any “al-jabr” [positivization] operation by using the “al-muqabala”
operation. In addition, “al-mugabala” technique can be used not only in addition and subtraction on
both sides of the equation, but also in multiplication and division operations. After these explanations,
al-Khwarazmi and Aba Kamil used “al-mugabala” in the sense of bringing together the terms of the
same kind on the same or different side of the equation; however, it can be said that al-Karaji means
both this meaning and the situation where one or two terms are equal to one or two terms, and they
are found mutually. As for Ibn al-Yasamin, while he continues the attitude of al-Khwarazmi and Abu
Kamil, two different meanings are seen in Ibn al-Banna's algebra work like Karaji. Ibn al-Ha'im, on
the other hand, gives the meaning of bringing together terms of the same kind , but draws attention
to the relationship between “al-jabr” and “al-muqabala” explained above, and states that these two
operations intersect at one point. As for Rasid, he takes the concept of “al-muqgdbala” from a much
broader perspective. In this case, “al-mugabala” (i) is evaluated together with “al-jabr” operation, and
“al-jabr” and “al-muqabala” operations are performed together, when necessary, (ii) the operation of
combining terms of the same kind in the equation is also related to “al-hatt” [reduction] and “al-jabr”
[completion] operations, since multiplication with coefficients or division operations require doing the
same operations with other terms, and the result is to combine terms of the same kind. For resources,
see: Rashed, Riyadhiyyat al-Khwarizmi, 190-216; Rashed, Abu Kamil Algebre, 321; al-Karaji, al-Fakhri,
48v; Ibn al-Yasamin, Manzumat, 43; Ibn al-Banna, “Kitab al-jabr wa-al-muqabala”, 542-544,557; Ibn
al-Ha’im, al-Mumti’, ff. 49r-49v.
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Another meaning of al-muqabala:

Fora, b, c,d ER\{0} and n, m €N where ax*-bx™=c-dx =
ax*-bx"+bx"+dx=c-dx+dx+bx™ = ax"+dx=c+bx™

g 1 +x 1 87+1 - 1 x 24 X -
xample x+—-—= = =—— S
6 4 2 11 1 25 1
1+z7 8745 87+5
1 24-(87+%)
25x=24-(87+5) > x=——— = x=84

4.4. Chapter Three: Algebraic Equations®®

4.4.1. al-Mufrad [Singular/Single Term] Equations
b

I. For a, b, ER \{0} where ax*=bx = x = 2

12
Example: 3x2 =12x = x= 3= 4 then x’=16, 3x’=48and 12x =48
c
IL For a, ¢, ER \{0} where ax?=c= x? = 3

12
Example: 3x2=12 = xZ= e 4then 3x2=34=12

The equations section, which can be considered the heart of algebra, is given after showing and
teaching all the concepts, rules and operations that will be required in solving equations, as in most
of the classical algebra books produced after Karaji. The six basic types of equations are produced by
binary and triple combinations of the unknown, the square of the unknown, and the constant. Three
of them, which are binary combinations, are classified as simple/al-mufrad equations, and the other
three, which are triple combinations, are classified as combine/al-mugtarin equations. The earliest
dated work in which the complete form of this classification has survived is the book of al-Khwarazmi.
In fact, although it is possible that it was written earlier than al-Khwarazmi, a part of ‘Abd al-Hamid
ibn Turk’s algebra book has survived. In Ibn Turk’s work, simple equations equations, and all combine
equations but he makes his proofs under the concept of “logical necessity” so that the coefficient of
square’s is 1. In almost all algebra books written after that, first of all, these six equation patterns are
explained by referring to al-Khwarazmi. However, according to the type, volume and target audience
of the work, this is enough or different equations are put forward. In fact, as in Omar Khayyam and
Sharaf al-Din Tusi, a new classification of equations with 25 is made by adding the cube (x°) to the
combination terms to form equations, and geometric (al-handast) techniques are also applied in
solution and proof. Or, without making any changes in the classical equation classification, high-order
equation types and indeterminate equations are explained under separate headings, their solutions are
shown with examples, and the reasons for the solution are explained. As for Taqi al-Din Rasid, at the
end of the division topic, it is understood that the information he gave is sufficient (for this work) and
his statements about that there will be no need for more, as well as the fact that the work was written
as a concise book, appeals to the beginner level of the algebra book. In this case, it is considered usual
to limit himself to six classical equations and to include only the most basic information throughout
the treatise. For resources, see: Aydin Sayili, Abdiilhamid Ibn Tiirk’s Paper on Logical Necessities in Impure
Equations and the Algebra of Time (Ankara: TTK, 1985), 154-61; Rashid and Jabbar, Rasail al-Khayyam
al-Jabriyya, 6-65; Rashid, al-Jabr wa-al-handasa, 15-127.
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IIL. For b, ¢, ER \ {0} where bx=c = x = E

12
Example:3x =12 = «x= 3= 4then 3x =34 =12

4.4.2. Mugqtarin [Mixed] Equations

I. For a,b,c ER\{0},where a=1 and ax’*+bx=c
2

>x= +(E) —E
x= let(3 2

10\* 10
Example: x2 + 10x=24 = x= 24+(—) -5 and x=2, x* =4,

2
10x = 20, x% 4+ 10x =4 + 20 = 24

2
II. For a,b,c ER\{0} wherea=1 and c> (lz—))

= equation (ax*+c=bx) is impossible to solve,

but c<(12—))2and ax’+c=bx = x=l2—’t (;)Z—c

10 10\?
Example: x2 + 16 = 10x = x=—-= (7) —16; x=2, xX?=4, 10x =20 and4 + 16 = 20

II1. Fora,b,c ER\{0}, wherea=1 and ax*=bx+c

S x— (b)i L
X = 2 C 2

’42 4
2 _ — —
Example: x“=4x+5 = x= (f) +5+5 and x=5

Note: If the coefficient of (x?) is not equal to 1 in impure equations, make
the coefficient of (x?) equal to 1 by performing “al-hatt” [reduction] or “al-jabr”
[completion], then compare with the other terms by performing the necessary

operations.
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Example of an “al-jabr” operation*’

3% | tox+X=24
1 XT3 =

=>(1+1> 3xz+(1o +x) (1+1)—24 (1+1)
3) 2 XT3 3]~ 3

= x?+14x =32

14\* 14 )
= x= 32+<7) -y and x =2, x“ =4,

3x? x
T=3 and 10x+5=21; also,3 + 21 =24

Example of “al-hatt” operation:

2w+ e oo f-<2xz+£)+
z 2 9 z

4(7 +x)—244 dx? +3x+ 521042
g \/¥Ty)=ekrgandxiwaxra= 3
2
2 3+% 3+%
and x = 10+§+ - - 2 and

_ 2 2, X x_ _
x=2, x“=4, 2x +A—9, 7x+,)—15 and 9 + 15 = 24

Note: “al-Jabr” and “al-hatt” operations can also be applied to al-mufrad [single

term] equations when necessary.

al-Dawr [Cyclic] Problems:

Example (1): The dove, pigeon, and partridge; The value of the dove is half

the value of the pigeon plus fifteen dirhams, the value of the pigeon is one-fourth

of the value of the partridge plus fifteen dirhams, the value of the partridge is one-

fifth of the value of the dove plus fifteen dirhams. How much is each worth?

Here, Rasid tries to ensure that this process is well established in the mind of the student by reminding
him again with examples after giving the equations, if the coefficient of square’s in the equation he

explained in the chapter of rules is less than 1, and reduction if it is greater than 1.
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dove = x; pigeon = 2.(x — 15) = 2x — 30; partridge
=4.[(2x — 30) — 15] = 4. (2x — 45)

=8x — 180 and 8x—180—15=§

4x 4x
=>8x—195=x—?; thus,7x+?= 195;

4 195
thusx(7+—)=195 > x=——>2x=25

5 4

7T+g

= pigeon = 2. (25 — 15) = 20 and partridge = 4. (20 — 15)
x
= 20; also 20—15—5, S—E, x =25

Example (2):

Take three mines, one diamond, one ruby, and one garnet mine. The dealers
say: “Subtract one-third of the value of the diamond from 100; the value of the
ruby remains. Subtract half the value of the ruby from 100, the value of the garnet
remains. Subtract one quarter of the value of the garnet from 100, and you will find
the value of the diamond.

X
diamond=x,ruby=100—§ and garnet = 100 — >
x
100 — %
100 - ——3 100 -3
=x =100 - 2 ,100 — > _50+E’
z 1
100—T=87+E——-— = X=87+_—€'Z
1 x 1
= 87+§=x+g-z;x=diamond=84, ruby = 72, garnet = 64
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4.5. al-Khatema [Conclusion]: Solving Common Algebraic Equations
Revealing the Secrets of This Science*

Problem (1): Multiplying one-third of a number by one-fourth of that number

equals one-half of that number.

(Answer 1):
x2
ber — =:’xx_?_xz : x* x
number =X = 3°3-72 "12 VT 1272
o X251 andx?o6x, x=6 o 2.8.8
12 4T e A= X= 3272

Problem (2): One-third of a square is multiplied by one-fourth, where (the

result) is three.

2 2

X X
— —_—  —_— 2 — —
3, 12 3, 12 P 123, x?=36and x=6

wi ®
Nlcs'\|><N

R

x% = x assuming =3,

Note: The above problem leads to the second type of “al-mufrad” equations

and requires taking the root of the square and its equivalent in order to reach the

desired result.

41

x*=36 > x2=v36 and x=6

Both this chapter and the period problems just before it can be evaluated as algebra applications, which
have become a tradition in the classical algebra tradition to be put at the end of algebra books since al-
Khwarazmi. Although there are exceptions, it is possible to come across these applications in most of
the classical algebra books and chapters. The following point can be noted here: al-Khwarazmi devoted
most of his book as a volume to problems and solutions that can be included in the science of al-fardid
under the title of “kitab al-wasaya” (book of wills). However, his successors, presumably, both because
the subject also requires knowledge of figh and because they wanted to emphasize the independence
of algebra, they thought that such problems had a different place, and they put different types of
problems such as work-worker, allocation and return problems in the algebra applications section. As
mentioned above, in the work of al-Khwarazmi, the book of wills, which also includes the chapter of
transactions and the problems of return, has a very large place. Abu Kamil, on the other hand, does
not open a separate section for inheritance calculation and presents all kinds of problems in a wide
range of subjects. After the theoretical part of the algebra book, al-Karaji puts forward a total of 255
questions and answers, which include all kinds of practical problems in five layers, under the title
of “tabagat al-masail”. Algebra books of Khayyam, Maghribi and Tusi are purely theoretical and do
not have practical parts. At the end of the algebra book, Ibn al-Banna, on the other hand, belongs to
three different categories: problems with ten (masail al-ashra), work-wage problems (masdil al-rijal)
and property problems (masail al-amwal). explains both rational and irrational problems and their
solutions. Although Ibn al-Ha'im’s work on algebra was largely theoretical, he added a chapter with 7
problems, albeit a short one, at the end. Jamshid al-Kashi, on the other hand, explains the problems
that can be encountered in all areas of daily life through 39 examples and different solution methods.
For resources, see: Rashed, Riyadhiyyat al-Khwarazmi, 217-219, 235-284; Rashed, Aba Kamil Algebre,
335-521; al-Karaji, al-Fakhri, ff. 58r-113r; Ibn al-Banna, “Kitab al-jabr wa-al-mugqabala”, 556-585; Ibn
al-Ha’im, al-Mumti’, ff. 66r-68r; Jamshid al-Kashi, Miftah al-hussab, 489-586.
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Problem (3): Ten divided into two parts, each part multiplied by itself, and
whose result when added together equals 68.

(Answer 3):

a+b=10 wherea=5+x andb=5—x
= (5+x)?+(5—x)*>=68 and 50 + 2x2 = 68

= 2x2=18and x*=9,x=3 =2 a=8andb=2

Problem (4): We discard one-third of the square and three dirhams and are
left with 20.

Answer (4)

x
x? = x assuming x—§—3 =20

2x 2x 2X
= ——3=20and ——-3+4+3=20+4+3 and — =23,
3 3 3
2x
2X+?—23+23
3 2 2
= —34+1
X=o%Ty

5. In Place of the Conclusion

The reason for choosing such a title for the evaluation is the need to evaluate Nisab
al-mutashdkila fi ‘ilm al-jabr wa-al-muqdbala alongside other algebraic studies written
previously, at the same time in order to reach a complete conclusion about it after
this work. However, this is not possible due to the research of Ottoman history on
mathematics being insufficient. Again, whether a relationship exists between this
work and the other works from Taqi al-Din al-Rasid, or if other works even exist for
revealing all the aspects is the reason all his works need to be examined over time.
It’s also one of the reasons for not reaching a complete conclusion. Because of these
aforementioned reasons, the actual data that emerged as a result of examining his

work and the estimates related to it are itemized as follows:

(i) The homologous ratios used in the title of the treatise draws attention as an

expression not encountered in the titles of previous algebra studies. From this, the
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assumption is that the author will highlight the issue of ratios in the treatise. As a
matter of fact, why he preferred this title is understood through the references he
made to the subject of ratios in almost every title throughout the treatise as well
as through the statement that the person who understands the ratios/proportions
between homogeneous terms will be familiar with the intricacies of solving

equations.

(ii) According to Taqi al-Din’s statements, the treatise was not written upon
request but as a kind of reminder or note for himself and those who would receive
it after him. In this case, the work should appropriately be considered as an article
in which a scholar briefly notes down certain algebraic rules without going into
detail so that the rules are not forgotten but remain readily at hand. Therefore,
the treatise is concise at the beginning level but is also an “al-mufid” [helpful] work
that includes all essential issues. Another sign of being at the beginner level is the
author’s statement at the end of the division chapter stating this much information

to be sufficient for a treatise at this level.

(iii) Although no indication exists that the work was used as a textbook, it can
be considered to have been used for training astronomers/astrologers or assistants
in the observatory, given that Taqi al-Din was the Chief Astronomer/Astrologer

of the Ottoman Court (Miineccimbagi) and manager of the Istanbul Observatory.

(iv) When examining the classification of algebraic terms as primary and
secondary terms, the explanation of the difference between the terms “al-jazr” and
“al-shay”, the way the subject of algebraic calculation is handled and the use of
the concept pair “al-hatt” and “al-jabr”, the similarity to the algebra of Ibn al-Haim
(d. 815/1412) draws attention. Also of critical importance is that Ibn al-Haim is
the only name cited throughout the treatise. In this case, Ibn al-Haim’s algebraic

studies can be seen as one of the treatise’s dominant sources.

(v) In the work, a differentiation is observed in the meanings of the terms
expressing the methods used for solving algebraic equations that had not been
previously found. Accordingly, Taqi al-Din is not making the concept of algebra
in the sense of positivization but only in the sense of completing it. On the other
hand, he used the concept of “al-mugabala” in the sense of a kind of simplification
as a result of his positivization, completion and reduction processes. The author
appears to have been trying to eliminate the ongoing confusion on this subject by
expressing the process of equating the coefficient of the variable with the highest
degree to 1 in equations by using the concepts of “al-jabr” and “al-hatt” and by
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saying “al-muqdbala” for any simplification and arrangement made to the other

terms in an equation.

(vi) In the introduction to the chapter on algebraic equations, Taqi al-Din
wrote, “The number of algebraic equations is considered to be six, but whoever is
skilled in the use of equations and knows the secret of subtracting the unknowns
using ratios is able to increase the number of equations.” Thus, he approaches the
discussion of whether the number of equations is limited or not from a different
angle, pointing out that this situation depends on the knowledge and ability of
the mathematician. From this, knowledge according to him can be concluded to be

unlimited, but the important thing is how much can be known.

(vii) Perhaps the most striking part of the treatise is the discussion on division
using algebraic expressions in the operation of dividing a lower-exponential
algebraic term into a larger-exponential algebraic term. In the solution of this
operation, the author criticizes Ibn al-Banna al-Marrakushi (d. 721/1321) indirectly
by naming one of his predecessors, Ibn al-Haim. This is because Ibn al-Haim in his
work al-Mumti‘ fi Sharh al-Mugni‘ stated two methods to exist for solving these
types of operations. According to the first one and as Ibn al-Banna mentioned in
his Talkhis, Ibn al-Haim said the wording of the question should be repeated as the
answer; in other words, it cannot be simplified. On this point, Taqi al-Din accused
Ibn al-Banna of teaching the result to be impossible even though a result is possible
and Ibn al-Haim for repeating this information and uttering useless sentences.
Although Ibn al-Haim explained how to take the difference between the exponents
as the second method, which Taqi al-Din also does and to make it the exponent of
the term in the denominator, he was unable to avoid Taqi al-Din’s criticism. From
mathematics in general and from algebra in particular, Taqi al-Din al-Rasid appears
to have been trying to clear unnecessary sentences stemming from the verbal style

of expression that do not conform to the essence of mathematics.

6. English Translation
Homogeneous Ratios in the Science of Algebra and al-Mugqabala

May Allah our Lord, our Protector bestow His blessings upon Qadi Taqi al-Din ibn
Ma’rif, a scholar (‘alim) who acts according to his knowledge (‘amil), a great scholar
(allama), self-evident (bahr), wise (habr), genius (fahham), a sheikh of Islamic
sheikhs, a sultan of famous scholars, faithful to Allah’s grace, and honor, may our

Lord forgive him and his predecessors.
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In the name of Allah, the merciful...

Praise be to Allah, who is al-Wahid [The One], who has made numbers with
infinite digits. Greetings and prayers for the Prophet, his family, and distinguished
companions.

I have compiled this work on algebra and al-mugabala as a “al-tadhkira”
[reminder] for myself and those whom Allah wills after me, and I have arranged
it with an introduction, three chapters, and a conclusion. Allah is the One who
succeeds in the right and good ends.

Introduction: On the Explanation of Terms

The word jazr [root] is with the letter & (jim) taking al-fatha and al-kasra (Arabic
diacritics indicating the pronunciation “e” as in hen and “i” as in pick), then the
silence of the letter 3 (dhal). It is a number whose property is to be multiplied and
is also called the dil* [root].

Shay’ [thing/variable; e.g., x] represent the unknown numbers. In order to
arrive at a result, the shay’is assumed to be known, and the assumption is processed
in accordance with a special method. A “weak precedence” exists between the shay’
and the jazr.

The terms of shay’ and jazr are each sadiq [true: the situation where a truth in
the outside world is the same as a truth in the mind] when the unknown is assumed
and multiplied by itself. However, the jazr is also sadiq when the known is assumed
and has been multiplied by itself, while the shay’ is sddiq when the unknown is
assumed and has not been multiplied by itself.*?

al-Mal [the square/x?] results from the shay’ or jazr being multiplied by itself.

42 Taqi al-Din al-Rasid uses the concept of logic “umum khusus min wach” [weak precence] to explain the

relationship between the “thing” and the “jazr” here. Accordingly, every

a: constant and x: unknown (Vx?) is met with the concept of both jazr and shay’, every (vVa?) both jazr
Jazr | shay | pir and dil’, and every (x) shay’. This relationship can be represented in a

table as follows: Another concept that needs to be explained here is the

a | Jaz| - | Jaz word that we express as “faithful” and used with the aorist conjugation

of the root “s-d-q”. The concept that appears in the classical philosophy-
x | i@ | Vex| - logic tradition as “al-sidq” means the agreement of an external truth

with the one in the mind, and al-Rasid means exactly this. The change of
the starting point of the movement between the outside and the mind, that is, the reconciliation of a
truth in the mind with the outside, is expressed with the concept of “al-haqq/real”.
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Muka’ab and ka‘b [cube/x®] are mostly synonyms and are the result of the jazr
being multiplied by mdl. These three types are known as the primary exponents.

Mal al-mal [square of a square/x"] is the result of multiplying the cube with its
dil’ al-asghar [the smallest root/x] or where al-mal is multiplied by itself. Because
al-mal is in the middle of the ratio between al-ka‘’h and al- jazr, this ratio becomes

the secret to extracting the unknowns in this science.

Mal al-ka‘b [the square of the cube/x°] results from multiplying mal al-mal by
al-jazr.

Ka‘b al-ka‘b [cube of the cube/x%] is the result of multiplying mdl al-ka‘b by

al-jazr.

The ratio of each exponent to alower-order exponent is the same as the ratio of
a higher-order exponent with similar numerical difference to that exponent. If you
need a higher-degree exponent, compare accordingly. These types and later ones

are called al-manazil al-far’iyya [second-degree exponents].

I say that these degrees are all raised, so they increase by using multiplication.
It is permissible to assume al-manazil al-far’iyya in fractions as well, so they are
reduced by multiplication. Assuming al-jazr is “one-half”, al-mdl becomes “one-
quarter”, al-ka’b becomes “one-eighth”, mal al-mal becomes “one-half eighth”, mal
al-ka'b becomes “one-quarter eighth” and ka'b al-ka’h becomes “one-eighth of an

eighth”. Compare accordingly.

The exponent is the locus of the existential order of each type in the plane of
natural numbers. It is “one” for the al-jazr, “two” for the al-mal, and “three” for the
al-ka‘b. Accordingly, repeating the number also repeats the exponent. Addition is
done as follows: mal al-mal is “four”, mal al-ka’b is “five”, and ka'b al-ka'b is “six”.

Compare accordingly.

If you want to know the expression of an exponent in the above terms, know
its numerical order and divide it by twos or threes to the end. Thus, it is known by
bringing those terms together or repeating the same term, or by both methods.
The seventh power is mal mal ka'b, the eighth power is mal ka'b ka'b. It is also
permissible to repeat mdl as in mal mal mal mal but mal ka'b ka'b is preferred. The
nineth power is ka'b ka'b ka'b. If another version is permissible, it would be done by

repeating the three mal and the one ka'b [mdl mal mal ka'b]. Compare accordingly.
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Chapter One: About Calculations
Addition

This is either addition of the same type, such as the calculation of numbers, or the
various additions made with the letter $§ [waw meaning “and/addition”]. “Three”
shay’ (3x) is multiplied by “four” mal (4x?) where the number of madils becomes

attributed to the number of shay’s using 9 ; the others are like this.

As for the al-istithna [exception regarding negative numbers], if the types are
the same or similar and the negative is on one side, add the al-sahih [positives] as

presented and subtract the negative term from the total.

In the sum of “five mal minus two shay’ plus three mal” [5x*— 2x + 3x?], the total

is “eight mal minus two shay” [8x? - 2x].

If a negative occurs on both sides, add the positives then the negatives and
subtract the sum from the total. For example, “four jazr*® minus five shay’ plus six

jazr minus three shay’,” the total is “ten jazr minus eight shay™ [4y — 5x + 6y - 3x =
10y - 8x].

As for difference of type, if the negative term is of a different type, it is
absolutely done with 5 [add letter], otherwise only the negative term is added,

then the sum is subtracted from the .

Subtraction

As for those of the same or similar types, subtraction is the same as with constant

numbers.
As for types that are different, subtraction is with the al-istithna.

When “three shay’ come out of four mal or vice versa”, the answer is “three shay’

9

minus four mal” or “four mal minus three shay’.

Whether the negativity is on one or both sides, add the negative terms on both

sides and then subtract.

When subtracting “five shay’ from seven mal minus one shay” the coefficients
become “six” and “seven” after the additions. One negative term disappears [the

one shay’], and after the subtraction, “seven mal minus six shay”™ remains.

43  In this sentence, root is used as a constant number.
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Multiplication

Multiplication means to want the ratio of one of the multipliers to the outcome
of the operation to be equal to a ratio of “one” to the other multiplier. If the
multipliers are singular and are numbers, the multiplication operation is like any
other number. If they are not numbers, the result of the multiplication is in units
of that type. If one multiplier is a number and the other a type, the result is like the
first, and the unit is the unit of that type.

“Four times two jazr” equals “eight jazr” and the rest of the types are like that.

If the multipliers are of two types and are singular, the result is still the same
as before; the exponent is the sum of the exponents of these two types. If both or
one of the multipliers are combined (not singular), multiply the coefficient of each
type in the multiplier by the coefficient of the other types in the other multiplier
one by one; the answer is found by knowing the type of each result and adding up
all the result.

When multiplying “five plus two shay” by “six plus three shay’,” we multiply
“five” by “six”, which is “thirty”, then we multiply “five” by “three” shay’ and get
“fifteen” shay’. Then we multiply “two” shay’ by “six”, which becomes “twelve” shay’,
then we multiply “two” shay’ by “three” shay’, which becomes “six” mal.” We add

them up, and it becomes “thirty plus twenty-seven shay’ plus six mal.”

If negatives are added to this operation, it has a rule, and that rule is to express
the minuend as the positive and the subtrahend as the negative. The result from
multiplying a positive term by a positive term or a negative term by a negative
term is positive, and the result of multiplying a positive by a negative or a negative
by a positive is negative. Once you know this, the answer comes by multiplying as

before and subtracting the negative from the positive.

When multiplying “five minus two shay”™ by “six minus three shay’,” we multiply
as in the previous example, then add and subtract the negative. It becomes “thirty

’»

plus six mal minus twenty-seven shay’.

’» o«

When “five plus shay” is multiplied by “ten minus shay’)” “five times ten”
becomes “fifty”, “five times negative shay” becomes “minus five shay”, “shay’
times ten becomes plus ten shay” and “shay’ times minus shay’ becomes minus
mal’. Because the “five shay” is negative, subtract it from the “plus ten shay”, then

subtract the minus mal; we say the result is “fifty plus five shay’ minus mal”.
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As for the multiplication of al-munhatta types [fractional, like ] by the al-
marfu’ type [like ], it is like the multiplication of al-marfu’ types. The type of the
multiplication result is of the type of whichever has the greater power of the al-
munhatta and al-marfu’ types. If nothing is left (the powers of the al-munhatta and
al-marfu’ types are equal) it returns to the number. Know this, you will need this

information as you will also perform this operation in the division.

Division
As for dividing a singular term into a singular, division has three kinds:

The first is the division into the same type. Its result is not type, because the
exponent of the quotient is the difference of the exponents of those two, and there
is no difference between same exponents. The result is a number if the dividend is
greater, “one” if the dividend and divisor are equal, and a fraction if the dividend is

less than the divisor.

The second is the division of larger types by smaller types. The exponent of the
result is equal to the difference of the exponents of the dividend and the divisor,

and its result is like the first.

“Six ka'b divided by two mal” is “three jazr” and “six ka'b divided by nine mal” is
“two jazr -thirds” [23_x]
The third is the division of smaller types by larger types. The exponent of the

quotient is still the difference; however, the result on the denominator side is just

like the first type of division.

When dividing “five mal by five ka'b” the result is a munhatt jazr (one over al-

jazr).

When dividing “eight jazr by two ka‘b” the result is “four times a munhatt mal”

(four over the mal).
When dividing “eight jazr by twelve mal ka'b” the result is “two-thirds munhatt
- o 124 2
mal mal (52
I would say that this example of the small type divided by the large type is not
meant to tahqig [confirm] what Ibn al-Haim* and others have said where “The

44  Ibn al-Ha'im al-Misri (d. 1412), who can be described as a mathematician-jurist, is the leading figure
of the Egyptian mathematical tradition and has influenced Ottoman mathematics scholars for
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answer is that question itself” because this statement has neither conceptual nor
operational benefit apart from confirming what we have said. This is because

multiplication is the proof of the correctness of division.*

Dividing the singular or compound into the compound is a trade secret, and

those who limit themselves to the famous six equations don’t need it.

Chapter Two: It’s About the Rules

Al-jabr [completion] means the ratio of “one” to the desired value is equal to the
ratio of the fraction you want to get complete to “one”, thus getting the desired value
from it. Both ones in the ratio are wasatayn [internal terms of the ratio], multiply
these two ones and divide by the fractional number; multiplying by the fractional
number results in the fractional number [the number to be used to complete the
fraction to one] returning to “one”. The existence of the proof is that the tarafayn
[external terms of the ratio] are the result of the musattah [multiplication] where
the product of the internal term “one” is equal to itself.

“One over three over four” is “one plus one over three”. The proper fraction
whose numerator is “one” is also completed by multiplying it by its denominator.

Another method is to take the difference between “one” and the fraction, divide
this difference by the fraction, and add the result that is above “one”.

In our example, we proportioned the difference between “one” and the fraction
(one-quarter) to the fraction; it became “one-third”. We increased it and got “one
plus one-third” which is the answer.

Al-Hatt [reduction] is to reveal the unknown value whose ratio of “one” is
equal to the ratio of “one” to the value we want to reduce to and which is greater

than “one.”

centuries with his works. It can be said that one of them is Taqi al-Din Rasid. See the mathematical
evaluation section for the mentioned effect. For more information about Ibn Haim, see: https://
islamansiklopedisi.org.tr/ibnul-haim

45  The scholars and their works cited by the author here have been identified as Ibn al-Banna’s al-Talkhis
and Ibn al-Ha'im’s al-Mumti’. While Ibn al-Banna states that the big type cannot be divided into the
small type, Ibn al-Ha im says that there are two methods of the professionals in this regard. In the first,
he refers to Ibn al-Banna’s al-Talkhis and explains the use of the question word as the answer word, and
in the second, as Rasid also states, the difference between the exponents in the numerator and the
denominator is given to the denominator. In short, what Rasid is trying to emphasize here, neither
what Ibn al-Banna points out nor what Ibn al-Ha’im shows as the first method has any usefulness. He
also says that what he has revealed in the division the small types into the large types confirms this
futility. For resources, see Ibn al-Banna, al-Talkhis, 77; Ibn al-Ha’im, al-Mumti’, 25a.
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The fraction used to reduce “one plus one-third” to “one” is “three-quarters”.
Because that is what comes out of dividing “one” by “one plus one-third” using the
tasmiya method.*

Another method is to tasmiya [divide] the difference between the reduced
number and “one” by the whole reduced number and then subtract that result from

« . .
one” the obvious answer remains.

During the completion and reduction processes, mugabala means to multiply
the value in question with each of the terms in the equation, or to add the number
in which the complement is completed to “one” over the other terms, or to subtract
the number from the other terms as much as the value in which the reduced is

reduced to “one”.

It has another meaning, which is to increase or make positive, as in subtraction

when there is a fraction or negative term on one or both sides of the equation.

I say that, when you know what I have presented for you regarding the ratio,

you can complete or reduce the equations in one operation using mugabala.

Example: “One quarter” of “shay’ plus shay’ over six” (shay’ plus shay’ over

twenty-four) equals “eighty-seven plus one-half”.

Using the method of proportioning numbers, we find the ratio of “shay’ to the
sum of shay’ and the fraction” to be equal to the ratio of the “unknown number to the
equivalent number” and that the ratio of “twenty-four” to “twenty-five” is equal to
the ratio of the “answer to eighty-seven plus one-half”. We multiply both sides and
divide the result by the second, leaving an answer of “eighty-four”. This example is

about reduction, the reverse is known to be about completion. Compare accordingly.

Chapter Three: About Algebraic Equations

The number of these equations is considered to be six, but whoever is adept
at dealing with equations and knows the secret of revealing the ratio of unknowns

may increase the number of equations.

Three of these six equations are said to be mufrad [simple] equations. They
are the equality of two types or of a type and number:

46  Dividing a large number into a small number is called “gismat”, and dividing a small number into a large
number is called “tasmiya”.
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The first involves “amwal [squares] that equal juzur [roots]”. Divide juzur into
amwal.
For example: “Three mal equals twelve jazr.” The result from the division

is “for” which is the jazr and the mal is “sixteen”. “Three” times al-mal becomes

“forty-eight” and it equals “twelve” jazr where al-jazr equals “four”.

The second involves amwadl that equal a number. Divide the number by the

amwal.

What comes out in “three mal equals twelve” is mal equals “four” and “three”

times madl is equal to “twelve”. They are the same.

The third involves juzir that equal a number and its method is to divide the

number into the juzir.

Example: “Three jazr equals twelve”. Divide “twelve” by the number of jazr,
and you get “four” as the root. “Three” jazr is equal to “twelve” and it is equal to
“twelve” opposite the equality. Whenever the coefficient of the unknown is “one”,

there is no need for division, the equivalent is the answer.

Al-Mugtarinat are likewise three, and one of these equality ratios consists of

two types.
The first involves “amwadl plus juzir being equal to a number”.

The rule for finding the answer: Adding half the mal of the coefficient of

the jazr to the number and subtracting half of the jazr from the square root (

the sum. What remains is the answer, which is the jazr.
For example: “Mdl plus ten jazr equals twenty-four”.

The answer is “two” and “two” is the root. Mal is “four” and “ten” jazr equals

“twenty”. You add it to the mal and “twenty-four” has been completed.
The second involves “amwal plus the number being equal to juzir”.

The rule is conditional: The number must be less than half the square of the
coefficient of al-jazr, otherwise the equation is impossible. When the equation is
possible, subtract the number from the square of half of the number of al-jazr, then
subtract the square root of the result from that half, that is, from the half of the

coefficient of al-jazr. The answer is what remains.

Example of a possible equation: “Mal plus sixteen equals ten jazr”.
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» o«

The answer is “two” which is al-jazr and al-mal is “four”. “al-Mal plus sixteen

equals twelve” and “twelve is equal to ten jazr”.
The third involves “al-mal being equal to jazr plus the number.”

The rule: Adding the square of half of the coefficient of the al-jazr with the
number, then adding the square root of the sum to half of the coefficient of the

al-jazr. Thus, the answer is found that it is also root.
For example: “al-Mal equals “four” jazr plus five.”
The answer is “five”, and “five” is al-jazr.

al-Tanbih [Note]: The operations of combined equations are based on having
the coefficient of al-mdl be “one”. Whenever the coefficient of al-mal is less than
“one”, complete the coefficient, and whenever the coefficient is greater than “one”,
reduce the coefficient. Then compare by doing the operation for the reduction or
completion with all the remaining terms. You will know the truth, then complete

the number with what the rule gives. It becomes true.

Example of al-jabr [completion]: “Three-quarter mdl plus ten jazr plus one-

half jazr equals twenty-four”.

We complete the three-quarter mal by adding “one plus one-third to one mal”
and multiplying “one plus one third” to each of the fractions of al-mal and al-jazr
and the equivalency number (the corresponding number). You will arrive at the
equation “mal plus fourteen jazr equal thirty-two”. After dealing with the rule of
the fourth of the equations, we find al-jazr “two”, al-mal “four” and “three-quarter
mal “three”. Next, “ten plus one-half times al-jazr equals twenty-one” and “twenty-

one plus three-quarter mal equals twenty-four.

Example of reduction: “Two mal plus one quarter mal plus seven jazr plus

one-half jazr equals twenty-four”.

We reduce “two madl plus one-half mal” to “one” mal using “four-ninth” and
compare the reduction value by multiplying this to all the terms. The equation
returns to “mal plus three jazr plus one-third jazr equals ten plus two-thirds.” After
applying the operation in the al-jabr example above, we get al-jazr “two”, al-mal
“four”. “Two mal plus one-quarter mal” equal “nine” and “seven jazr plus one-half

jazr equal fifteen”. Nine plus fifteen equals twenty-four.

Know that the completion and reduction of operations also apply to simple

equations.
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Example of al-dawr [cyclic] problems: There are doves, pigeons and
partridges. The value of the dove is equal to half the value of the pigeon plus
“fifteen” dirhams. The value of the pigeon is equal to a quarter of the value of the
partridge plus another “fifteen” dirhams. The value of the partridge is equal to one-
fifth of the dove plus “fifteen” dirhams. How much is each worth?

We assume the value of the dove to be one shay’ and subtract “fifteen” from it.
Then we double this to “two shay’ minus thirty”. This is the value of the pigeon. We
subtract “fifteen” from it and are left with “two shay’ minus forty-five”. Four times
this remainder is “eight shay’ minus one hundred and eighty”. This is the value of
the partridge. We subtract “fifteen” from it and get “eight shay’ minus one hundred
and ninety-five equals shay’ over five”. In other words, we obtain one-fifth of the
dove’s value (shay’ minus four divided by five shay’). After al-mugabala, the equation
becomes “seven shay’ plus four-fifth shay’ equals one hundred and ninety-five”.
After expanding both of these using the third al-mufrad equation (i.e., converting
them to integers), we divide the number into the shay’ and fractional shay’. This is
another type of al-jabr and al-mugabala. After dividing, we get “twenty-five” which is
the value for the dove. We subtract “fifteen” from “twenty-five” and “ten” remains.
“Two” times “twenty” is the value of the pigeon. We subtract “fifteen” from it, and
“five” remains. “Four” times “five” is the value of the partridge, which is “twenty”.
Subtracting “fifteen” from “twenty” folios “five”, which is “one-fifth” the value of
the dove. Compare with these examples. Everything under the rules of these six
equations needs practice in terms of operations, dexterity, and weighing of thought.

Another equation from Dawriyyat: There are “three” mines, one of
diamonds, one of rubies, and one of garnets. Its sellers say, “subtract one-third of
the value of the diamond from “hundred” and the value of a ruby remains. Subtract
half the value of the ruby from “hundred” and the value of the garnet remains.
Subtract “one-forth” of the value of the garnet from “hundred” and you get the
value of the diamond.”

We assume the value of the diamond to be al-shay’ and subtract “one-third”
shay’ from “hundred”. We get “hundred” minus “one-third” shay’ and subtract half
of that from “hundred”. “Fifty” plus “one-half” remains. We subtract “one-quarter”
from “hundred”, and “eighty-seven plus one-half minus one-quarter shay’ over
six” remains. Equate this to shay’ by subtracting al-istithna’ [exception] using al-
mugqdbala to achieve “eighty-seven plus one-half equals shay’ plus a half shay’ over
six”. Then we reduce these to “shay’ equals eighty-four” which is the value of the
diamond. al-Dawr is continued, and the value of the ruby is found as “seventy-two”

and the value of the garnet as “sixty-four” which is the answer.
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Khatima [Conclusion]: Methods of Common Algebraic Equations/
Solutions Revealing the Secrets of This Science

Problem (1): Multiplying “one-third” of a number by “one-quarter” of that

number equals “one-half” of that number.

(Answer 1): We assume the number to be shay’ and multiply “one-third” shay’
by “one-quarter” shay’. We get “one” divided by “six” mdal because “the parts of shay”
times “the parts of shay” are al-amwadl in the denominator. This value is equal to
“one-half” shay’, multiplying the part of the mal by “twelve” and completing (al-
jabr) it to “one” mal, it becomes exactly “one” mal. We compare this product with

’

its equivalent of “one” mal equals “six” shay’; we divide shay’s into al-mdl, and shay

becomes “six”; “one-third” of “six” multiplied by “one-quarter” of “six” is equal to

“one-half” of “six”.
Problem (2): “One-third” mal multiplied by “one-quarter” mal equals “three”.

(Answer 2): Assume mal al-mal; multiply this by “one-third” and “one-quarter”
as in the previous question. “One-half” of “one-sixth” mal equals “three” in this
question. We complete it by multiplying the equal sides by “twelve”, al-mal is equal
to “thirty-six”; we take the square root, and the answer is “six”.

al-Tanbih [Note]: We took the square root here because it is the square from
dividing the second of the simple equations and does not change with division
here. The result of the division is “thirty-six” mdl; we take the square root to be
that number. This needs to be noted.

Problem (3): “Ten” is divided into “two” parts. Each part is multiplied by

itself, and the results are summed, giving “sixty-eight”.

(Answer 3): Assuming one of the parts is “five plus shay” and the other is “five
minus shay”, we square each and add them. It becomes “fifty plus two mdl equals
sixty-eight”; we drop the common one, and “two mal equals eighteen” remains.
“One mal equals nine” and its square root is “three”. We subtract the “three” from
one of the two “five”, and “two” remains. We add “three” to the other, making

“eight”. So, “two” and “eight” are two parts of “ten”.

Problem (4): From the mal we subtract “one-third” of the “madl plus three

dirhams”, leaving “twenty”.

(Answer 4): We assumed mal as shay’ and subtract “one-third” from it. “Two-

third” shay’ remains, from which we subtract “three”, leaving “two-third shay’ minus
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3 dirhams equals twenty”. Complete the “two-third” shay’ and “three”; add “three”
to “twenty” using the al-mugabala operation. It becomes “twenty-three equals two
divided by three shay”. Add “one half” to “two-third” shay’ and make it “one”. You
get “thirty-four plus one-half, which is the answer.

That’s enough for a good thinker. Allah is the Enabler and the Helper. The
treatise has been completed with the praise and success of Allah. Thanks be to
Allah alone.

42



Elif Baga, Taqial-Din al-Rasid and His Treatise on Algebra: Mathematical Evaluation, Translation, and Editio Princeps

7. Editio Princeps

Aolally k! e 3 A Laall ol s

-

Galgdl) ! joed! © LSl Joladf JLI BY o 5 Gk
MY eldadl e Y folie il
ol G Dl Gl
o ol «;2': ‘é.b\.m LY 40

&

B olasl g e
PP
SEY S A8

ik o0

f

43



NAZARIYAT

= A o2 N ) s LY 4T/
RSP R POV P PPINER [ RV T P W [P N JOPIOe S A RENER NP VO

A
aﬁm&w),‘é@yzu\guoijqus,sxwmwuﬁurbémuﬁi@;
B e s Ol gaal) 33 Gl L AR 5 O ]

Loal
J
S l-MaYl oL

prwjwggﬂoiauywwd\srﬁur@ryc@:,;\.4,1
wrs de b b 3 O el Joo st Lajlas 5,8 Uaez sl s Al e i)l Ll
O 542 gt p G OBAad iz s o 0 seast 5 p sas S s s shas ] 0 5a2
\SL;L?zJ\éMJ.wégﬂjuwuz;\sb&\émj.wgwg}sgﬁj
e G b N e 55

.w&;;@uumg\wt}swpyuﬁ:dm

UG dd O s e et Ll Y1 e 0bsl e teasdly cansl

ALY UL G s B 615 e

Y a3 JUI 185 g5 501 6T sl ks b canSll b ol s U I
I Y el )l g s ecanSUl s A (g Ll (§ a5 JU
.).Ug-‘éJu\dbgfb&»J.pU»\yaigr&\db

b doS a2d Lo 4] ¢ 55 JS Gy dl § cnSN b o e Joolo 2 1Sl nS
33L 1 Jf comamt OT GUS Lo uih 4] 45 42

oo A JHULL o Latag Lo 61 Y o g

b 5 S il 3 s 3 5525 ol iS5 T ole b e LS 5L oy J g8

oot s calle Jlo ol Gl S ol s calls 1 T S0l (5 3130 e pally
&J&ﬁ)cwpﬁu&”u&s}cwdb

44



Elif Baga, Taqial-Din al-Rasid and His Treatise on Algebra: Mathematical Evaluation, Translation, and Editio Princeps

s g doells L dndall slaeNI Cos de:;»-ﬂuﬂu»&y&s&ﬁ u.u‘)“
cw)\dll\dl‘.b%o\LA\H\S)JAMM\)JQMJJQUJ.4.:)’\.: sl oLl
S e By B oSl a5 e S U

i Lo AL B35 0l Lol dpaall a0 G506 501 a1 36 50 3 01
Bl (35 ecnS o Jlo dmladl 43 01 (3 b el 12,85 T L] pLus Y1 el L o 5
S nS xS Bl B5 et IV e T S Jlo b 5525 S caS s
IS e by a1 31 3 ULy Sy il 5l O

J;\Ug\{)!
3

&..JL\ov;"
) LT B0 razeb ) Jb il o Vsl slae Y Ol alte (U] 501 o Lol 2ot
b 1S5 ol U LVl sue Lo I eVl sue Cilae I ol dns )]
Ll
Y!)}&W};@\WYL)}&@)SM\J@‘ bod bw.l\ rU\c—?U
;L..»\ML.:Y\)jbor&M\ﬁw\ SIS [Te ]/
plzal o5 Jaib otmall mamed VI pomadl i) O Lillae Cilaalls gl il L
o ghaall o ot
ot LS BN o b b el as Jhab g gl iz Ll slae VI 5L i Lol 2l
wLaj d\y‘wﬂ\”;u\ )’u;\f—LM\M)LY\d\y\m)\u\};\m&pj\J\jﬁ\m)l
oA o8 WP (8 5l ed O el g Gl e JS (Lo ol 3 5 el

casdlis
E) C Y
dg v

45



NAZARIYAT

Pl V1 g b o B 830 1 s a5 3 Y] ol s (g el B - b 8
L3l d V] ol B - ol g s

P31 B3 5 Il gl g1 jen e LBl B Y] ST 0 G p3 V] I gl T b (39
LT Il gl 2 TYLOLR 55 conSTdds G e b L 0 o5 xS s (0
A O il ) a0 S L) s bl asT dons da LIl o palf

A5 e ol Lol 0550 Y 5 olae Yl 5LuSG Olode Lo s s 4 LIS 01

sl gl g 01 QU3 U5 5015 SV ol g 5 e V1 Toe LpasT O 015
UL AR VS 5 QT BSLS s &

S o U583 Ol el g ol 515 oo 1S Ll Jo o 015 420 L 5 peir LS 015
o Tl a3 s 2l 15T Sl 2 3 sl e g5 S BeS o 3l LesT
.wnmO&y\}m@aﬁsgbwyu&gqﬁb»\,

o Tode IO F i by 0 oL 2T B sltsl i 8 s ol A O 5 a8
SWIEIE PRV ANREE W ISt IR PLTE LTS SVEP I T
el B s B Oy 25 B g Ik 5508 OB U3 Linzr 5 . gl ey

(UL sl e 15U ae il e sl g saeB Al slanal G5 G4 Ol
AYGLRAST O 5 g sl LBl G Lasldly asl 1 3l O s e Lol Ol
D G s e Bl el 5 G | S s S e 1305 a3l
u,a.gu\L;:;i:m\_gL‘ao?;Vj&u\JﬂS@ﬂfWTEWYl&wL}MYlwgﬂg}
Ll o s D VI U gl s 5 SO OIS
MU@@TW9@@}M5ﬁéuo@iyl3ﬂ&és§ijugﬁ&§j
A 560 1 oLt 5 2l o Condd a3l Il e s i 5005 oLt 28t (Beohs
Nl Y bt 5 Toie 0 g Juoldh) J 455 W U 2 5 Bl 2Bl
oAl Jool iz s le B M O o 5e (6 de b A § dlasedll 6l 51 O 0 Ll
4l Sl 3 5 e sde U] o o b G d 05 & o2l O il (6 (8 VI Jud
U U YL PRI B PR IN U B PO

46



Elif Baga, Taqial-Din al-Rasid and His Treatise on Algebra: Mathematical Evaluation, Translation, and Editio Princeps

G 23 Y5 gl o Bl s T OY gyl ¢ 5 Y s ke Lo ¢ gl dond 1 LY
48 2k O] oS 5ol s O] Aol 55 ¢ 38T p gl OIS Ol s 46 . S

Lol s s had ol G pm Wl s ae 3l de L1l A 1astl
Jls

e 2 gl G Los s 8908 Glle Lo Olas dnd

Sl G oS el wend ol Wb Jel Lo ol g Rend 1IN [oe1/
Lal 45V s BlasYl

e ydon OLS Lk e Ul el ik Lo _ab

Jbe dle 2t aS b i 31 Lo s Bameia 1ol DL S de 5o B30 dond (35
s

oMC,.iJjuaYJ“‘J‘}J‘)ﬁu\)}\”o#ﬁjﬁu\d‘duuy&wﬁ\ikj d}sfi
)] e 0o 98 31 a5 Loty 305 Sae Vs T as 3Ll

ol Ll diy e ar bt ¥y S 586 S e e oS ol 5 Al Al LT
.(,.L;T‘dn,sm,:.u

dwlggl

3
Aol 43l

SPPRES COR e NS PPN U PR S W RPN NPT WP JE W e
Dbl oL ol sle 01 Gt 13] sl sk 5l G5 ST o s 2 3
s (3 Lo ) S il (3,5 rane OF Lo
Lol 2 o o A oSl sy S8 a5 LT 80 5 5
cade Al gl e GUI3 e 55 SN pe ] dml gy oSN e ezl s 5T 5 b
oMl g s T iy olin 85 OIS SN U] s 505 ool L Wlee 3
.4.14}%)4}\)}\@3)3&&&14}\)}\Mb\ﬁ\élwé{ac\fﬁw‘Z.b.‘l-‘

47



NAZARIYAT

@,@w)b\j&»u\zmsC)uyzsl.tpjam»\;\‘;gwj»\jbga
el

G ol ) s am bl g b glasdl dlar o ol gl b glasdl sl (g ool s 2 2T
A sy sl
jdu.\muwagu\wum&s‘gg\jdﬁ\&u oo o bl
QU3 o blaw] o Tast ),aurmém A Dbl bV Lo sl 5 50 8315

L&w\y‘j\}.ﬁ\osb)ﬁ)f-‘dNL&j«\J@-ULM‘M%J@dJ‘&lSL@

Jwg,g;wl\g;apul\@u_\,i&\miw\ﬁywmﬁuw‘sb:J,si

.J}U
Lzl 5 Ule s A Jdng s 2055 e ralle

sdall ) J gl £ oSy e 2l il ) o ) des 0laeN) sl 3 oy G
i3 9\ s B ) D S ey e ] 1 s ] i U035 5Ll
2 Vs Tkl 3 ol s el ) 5 G e ol U s 5 I L

e k) G enSe

SOV LR

J
4kl 5Ll

Sl Lty Lo N gl ) 5] e s Led O ] 38T e 80 s Lo 55|
.@MWJL&.&M\OMJL@?’L&OJL&)‘

.JJP}C)Q}TQLFJJL@—;}JJ\&JLAL;A} tels Al
e e 5 ddd 3B ) pdor Jias Jl gl : LY

1611/ e i JUB Gl o s iyl damdlly o Lo 2 351 Jubs 15l 896 2

L”;L':S\ s

48



Elif Baga, Taqial-Din al-Rasid and His Treatise on Algebra: Mathematical Evaluation, Translation, and Editio Princeps

DI a s da )l e SV B slee O a5 B3 ALl 25

U e 5l 36 oot Jutas I gl 2501

Lekte Jus e 1Ll 8365 dle a5 Bayl oW e 31 Jaas Dl sl 95 b
N e sl e Ly b s Tsde Joas 1T 20

e S uuﬂia:wqu@jz&jw;wm.f:.eqﬁwwju?i:wc:um
WSl pa alally ad ) g2 Ll el o sl OIS o baodai * e 31 ks
0 5 o S o Lt Gl T OIS Lo as 3 L s sl

Jode Ju s s Jls 1 LY

)Je-y))l%\g..&...,aic)a)AJ;J‘&)}J&\M@fﬁk{j%\ﬁdﬁmmwu‘g
e am g o lhall a SUIG dld

Tade o e sl Jdadysdr 8 e s Jle 1 WbLe

050 5 ha ) 05 I Ul emad 5 05t 5 sdr 5 e BT JUL i L5 OLS1 Ol g
Dl Juss sae s Jbe sastll

oSl i U WAL V5 Sl Yl i o o 3150l 055 b 5 20 0o LS
,)147\qu;%,;oi@pmwsy%gu\)kou(.:)jw@@fy;wC,lg\
ro Al G

DlaTs e Jasode 2o Gy Jlo 1Kol e lie
e,usya;&@u@jw}&oj&,ﬁ&uwwa,,,)wuu)i?qwaw\g\%\
=Y

T30 5 0 s Jun Lo 2L

oS MYl Canas (] Ao o BL| o3 sall ] MY il e o 52 LS
Ll o U35 o Sllall

diw e AL B0, jdo as bl famd saall s +32 0
V"‘C !
49



NAZARIYAT

g 0l Ayl Juay JLe tallis

ol pa sl Ol

o b 5l s ol dlg e U5 sed U a5 e de S el 1ags
acdans | sl oS o5 Ol gl do i L 5l bl § e Lo SUL ool (6T LG
o gl Gl sl

op e s Byl s o il T e s Jle g LT 896 1l JLke

Jolall stall g 50l JUI S e JS ol b5 g dml g Jle ) LY B U
Jordl s G35 et Jams Do e Bl o ) 55 seall tlid AT ns 505
W3 el 5 te s AW Leelyl B capyl JUL Gl Hddl baom s oLl dnly sus iy
.OU:.;}:w.jdu\tpja:;&s@d.wojﬁjkimwww

s U Laba .y ey g )T Jins a5 Mol s 55 OV 1 Jadl ey
BN Jlo J ALl o 3 ola plall il 3 ol Al o WL 5 Lot dmg )l Js
du\jdu‘).uru .VJ.J,-\JBAL}CM\M\@jgg@BJbJ@J&ﬁ),\&T
.d;&ja&ejdmwawmww\&i@jcwc)jwuja&j
Lad ol il G g 2 Bty bl 3 Jonll O ool 5

J& SJLU'_g :\Al‘.;" Z\M; s 3.»\,:5\ 3.«:5 .52-\3.3_5 cz\.cLé*_j Gz\ﬁl‘.i 43.3')_5.1.5‘ CJM\ o dl&o
a«g;[g\z]/f@ij;wmja?\)w;Qg@)aﬁ\:;\a«csj‘bﬁfumws
?wng’@ipmgﬁwww}a},bm

Gad 5as 09 Y] i O ol ot i e L by T el )l 3 L 3
Ble V] eLosl 4515 Wltel m )l Ll s VI Ol 23 5o i 4o Li> b dal
Oy s B 5 BLo V) LT B35 ) gy e s s Bl b a5 (6l
LT s () e AL sy ol ST o sy il e e sl L Juas
Sy L2V Lo saal Lond ols k] Ged Gonnd s dund 5 Ble Jdas wli ol s
Tonndlly = b Wl s ) o 5T 653 iy e a5l 6T e JS das any
M@j&jﬂ&wsji&@ji&ww%}.hw\wthdj}&jim}

| EoY
50



Elif Baga, Taqial-Din al-Rasid and His Treatise on Algebra: Mathematical Evaluation, Translation, and Editio Princeps

C)ﬂ;p.o),wwsja?\,mwL&mi@)i,wg@fwmwmi.aw
ed Vs OIS 1S eVl oda Lo oh Esl ] Eod o 2 Bk &t e Lo
Sl m,?\,gﬂ-\)dpm@L:L;lcugabsju\j:u\ ol Loyl 55

fagd 8 b1 gl G . ol il s el 03las 836 s L by 501 oy e
1305 - Jalll dod 35 B o 2 B e il b o ST RS 35 8L pe Ll
ol i uf Ble s Jalll dad ) o b

Blo e din L b e b LV Bl 2B Bl e atlh L by s Lall) dad L b
1t 5 oy V1 il O 5085 s g Bl (o s Lo - oy O e i
i WPlhb o5 s m 555 8 Jdal a5 U9l s A 3 sl VI L b ALLELLS
Lod s O g s OLSI ajsu\a,@.),u\cwsbwu\z.gﬁ,&gu,aww@;@:

coglall pa 5 0 st s oyl Ul

r{ES
9 J

‘..L-Jl a1l bo g BN (Lo s A Al d ) Ll Cslal
.>M|M&é@)&§dﬁgﬂaw:ﬁu
s2 V1T G oLV T O L s i gy cany 3 42 by s (b ol 3
lonsd + Lt G Jubay Il oo (o a0l AU bl WL 5SS Vs jlad e 31
.L@ij@@w@wjmo&wm&gww\
.ﬁ)ﬁégwjédﬁgﬂdu:ﬁb
Ll U b B3 L g o S o peokr iy a5 (3 42l 015 B I 6
e Ml UG Loy BT (896 5 B Jamy YW 0152 31 3 ol
Joolosd el iy Y L Il ol L3l GU dend Lol OY 50 La LT 5] 14w
a2z Taue 0580 Uaydor Bt B We 0 538 5 s Al
AT L b s B3l OIS 5 4 G o JS 0o - o a3 20 10Ls
[1Y €1/ ol s o OLSG Linzr g |ogn DS Liny 3 e Y s 215 L g B o]

51



NAZARIYAT

o pdom 5 e Jibmg -l ) e 313 OV my OV s S jal) Wil s 25\5 s
Ol L 2310 5 05 Y1 o ks 01 iy b 5] o Lo 30
05 e w b oal 3 B 5 Ml ate ol Jbo 1 0Les

ok s 0 VI OB iy 56 25 o Ll o 3 B o 425 Lally Tt I Ll
Jdwd o e s B 0588 WAL oy sl Lo IS e 55 DL Gl .y e
woall pa s Caas 0506 5 )T Lot Lioad Lo 5 0L LelosTh e 3 28

Ol 35 oLl bl © 2 parinedd LS judll ods 359
ey A desw Alu ) o2
O &b dodl g Haid 55§
®od=9 9
®

ws:t A

52



Elif Baga, Taqial-Din al-Rasid and His Treatise on Algebra: Mathematical Evaluation, Translation, and Editio Princeps

Bibliography

Primary Sources

Manuscripts

Ibn al-Haim, al-Mumti* fi Sharh al-Mugni’, Chester Beatty 3881 (author’s copy).

Ibn al-Majdi, Hawi al-Lubab fi Sharh Talkhis a ‘mal al-hisab, Silleymaniye Kiitiiphanesi, Laleli 2741.
, Ziyadat al-masa il al-jabriyya ‘ala al-sitta, Stileymaniye Kutuphanesi, Laleli 2734/1.

Al-Karaji, al-Fakhri fi al-jabr wa-lI-mugabala, Sileymaniye Kiitiiphanesi, Laleli 2740.

Kuseu, Ali, Risala al-Muhammadiyya fi al-hisab, Stileymaniye Kiitiiphanesi, Ayasofya 2733.
Al-Mardini, Ismail, Nisab al-habr fi al-hisdb al-jabr, Landberg 199.

Rasid, Taqi al-Din, Sidrat al-muntaha, Kandilli Rasathanesi 208.

__, Kitab al-nisab al-mutashakila fi ‘ilm al-jabr wa al-mugabala. MS. Greaves 3/3, 39a-42b.

Sajawandji, Siraj al-Din, al-Tajnis fi al-jabr wa al-mugabala, Sileymaniye Kiitiiphanesi, Ayasofya 3991.

Printed Texts

Khayyam, Omar. Rasdil al-Khayyam al-Jabriyyat, thk. Rushdi Rashid wa Ahmad Jabbar, Halab, 1981.
Ibn al-Mun ‘im, Figh al-hisab, thk. Idris Murabit, Rabat, 2005.

Ibn al-Banna’ al-Marrakushi, Talkhis a ‘mal al-hisab, thk. Muhammed Stiveysi, Tunus, 1969.

, Kitab al-jabr wa-l-muqabala, Tarikh ‘ilm al-jabr fi al-‘alam al-‘arabi, Sa‘idan, Ahmad Salim, II, 500-
585. Kuwayt, 1986.

Ibn Yasamin. Manzamat Ibn Yasamin fi a ‘mal al-jabr wa-al-hisab. Edited by Jalal Shawqi. Kuwait: Mu’assasat
al-Kuwayt li-l-tagaddum al-‘ilmf, 1988.

al-Qalasadi, Kashf al-Asrar ‘an ‘Ilm Huruf al-Ghubar, thq. Muhammad Suwaysi, Tunus, 1988.
al-Kashi, Jamshid, Miftah al-Hussab, thq. Nadir Nablasi, Dimashq, 1977.

al-Samaw’al al-Maghribi. al-Bahir fi al-jabr. Edited by Salah Ahmad and Rushdi Rashid. Damascus: Wizarat
al-ta‘lim al-‘ali, 1972.

Rashed, Roshdi. Abu Kamil, Algébre et Analyse Diophantienne: Edition, Traduction et Commentaire, Berlin: De
Gruyter, 2012.

Rashid, Rushdi, ed. al-Jabr wa-al-handasa fi al-qarn al-thani ‘ashar: mu ‘allafat Sharaf al-Din al-Tusi. Beirut:
Markaz dirasat al-wahdat al-‘arabiyya, 1998..

, Riyadiyyat al-Khwarizmi: Ta sis ‘ilm al-jabr. Trans. Niqula Faris. Beirut: Markaz dirasat al-wahdat al-
‘arabiyya, 2010.

Sayili, Aydin, Abdiilhamid Ibn Tiirk'iin Katisik Denklemlerde Mantiki Zaruretler Adh Yazist ve Zamamn Cebri,
Ankara: TTK Yayinlari, 1985.

Sha‘rani, Muna Sanjaqdar, Dirasat tahliliyya li-mahtut al-turuq al-saniyya fi al-alat al-rahdaniyya, Kuwait, 2002.

Secondary Sources

Books

Anonymous, Fihrist al-Khizanat al-Taymuriyyat, [-IV, Qahirat: Dar al-Kutub al-Misriyya, 1948.
Demir, Remzi, Takiytuddin'de Matematik ve Astronomi, Ankara: AKM Yayinlari, 2000.
Al-Hasan, Ahmad Yusuf, Taqi al-Din wa al-handasat al-mikanikiyyat al-Arabiyyat. Halab, 1987.

53



NAZARIYAT

King, David A. Fihrist al-makhtutat al-‘ilmiyyat al-mahfuzat bi-dar al-Kutub al-Misriyya, I-III, Qahirat: Dar
al-Kutub al-Misriyya, 1981-1986.

Rosenfeld, Boris A. ve Ekmeleddin Thsanoglu, Mathematicians Astronomers and Other Scholars of Islamic
Civilizations and Their Works, Istanbul: IRCICA, 2003.

Sayili, Aydin, The Observatory in Islam, Ankara: TTK Yayinlari, 1988.
Sesen, Ramazan vd., Osmanli Matematik Literatiirii Tarihi, {stanbul: IRCICA, 1999.
, Osmanl Astronomi Literatiirii Tarihi, Istanbul: IRCICA, 1997.

Dissertations
Baga, Elif, “Osmanh Klasik Dénemde Cebir”, Doktora tezi, Marmara Universitesi, 2012.

Zorlu, Tuncay, “Siileymaniye Tip Medresesi”, Yiiksek lisans tezi, Istanbul Universitesi, 1998.

Articles, Papers and Encyclopedia Articles
Aydiiz, Salim, “Osmanh Devleti'nde Miineccimbagilik”. Osmanl Bilimi Aragtirmalar1 1 (1995), 159-208.
Demir, Remzi, “Istanbul Rasathanesinde Yapilmis Olan Gozlemler”, Belleten 57 (1993), 161-72.

, “Takiyiiddin Ibn Ma‘raf’un Ondalik Kesirleri Trigonometri ve Astronomiye Uygulamasi”, Osmanl
Bilimi Aragtirmalar1 1/2 (1998): 187-209.

, “Salih Zeki Bey’in Journal Asiatique’de Yayimlanan ‘Notation Algébrique Chez les Orientaux’ Adh
Makalesi”, OTAM 15 (2004), 333-53.

Dosay, Melek, “Takiyiiddin’in Cebir Risalesi”, Belleten 61 (1997), 301-20.
Fazlioglu, Thsan, “Mustafa Ibn Ali el-Muvakkit”, DIA, XXXI, 287-8.
, “Taqi al-Din Abu Bakr Muhammad ibn Zayn al-Din Ma‘ruf al-Dimashqi al-Hanafi”, The Biographical
Encyclopedia of Astronomers, 1122-3, ed. Thomas Hockey vd., Newyork: Springer, 2007.

, “Ibn Abi al-Fath al-Sufi: Shams al-Din Abu ‘Abd Alldh Muhammad ibn Abi al-Fath al-Sufi”. The
Biographical Encyclopedia of Astronomers, ed. Thomas Hockey vd., 547, Newyork: Springer, 2007.

, “Ali al-Muwagqgqit: Muslih al-Din Mustafa ibn Ali al-Qustantini al-Rumi al-Hanafi al-Muwaqgit”. The
Biographical Encyclopedia of Astronomers, ed. Thomas Hockey vd., 33-4, Newyork: Springer, 2007.

Ipsirli, Mehmet, “Civizadeler”, DIA, VIII, 349-50.

Mevaldi, Mustafa, “Tahkik ve dirdse mahtat Kitdbu'n-Nisebi'l-mutegakile fi ilmi'l-cebr ve’l-mukabele li-
Takiyyiiddin b. Ma‘raf”, Ebhasu'l-Mu’temer es-senevi li-tarihi'l-ulam inde’l-Arab, 445-70, Haleb:
Ma’hedu’t-Turasi’l-Ilmi el-Arabi, 2003.

Oaks, Jeffrey A., “Algebraic Symbolism in Medieval Arabic Algebra”, Philosophica 87 (2012), 27-83.

Sayili, Aydin, “Ugiinciit Murad’m Istanbul Rasathanesindeki Miicessem Yer Kiiresi ve Avrupa ile Kiiltiirel
Temaslar”, Belleten 99 (1961), 397-445.

Sesen, Ramazan, “Meshur Osmanh Astronomu Takiyytiddin Rasid'in Soyu Uzerine”, Erdem 10 (1988), 165-71.
Tasképriiliizade, Osmanh Bilginleri, trc. Muharrem Tan, Istanbul: iz Yayinalik, 2007.

Tekeli, Sevim, “Trigonometry in the Sixteenth Century: Copernicus and Taqi al-din”, Erdem 2/4 (1986), 247-72.
Topdemir, Hiseyin Gazi, “Takiyytiddin Rasid”, DIA, XXXIX, 454-5.

Unver, Siiheyl, Istanbul Risaleleri, haz. Ismail Kara, II, istanbul: IBB Yayinlari, 1995.

Zeki Efendi, Salih. “Notation Algébrique Chez les Orientaux”. Journal Asiatique 9/11 (1898), 35-52

54



