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Preparation for Astronomy:
Alr Qushji's Risala dar ‘llm-i Hisab

/enra Bilgin’

Abstract: Ali Qushjt (d. 879/1474), a fifteenth-century astronomer, mathematician, theologian, and linguist, played
a key role in the formation of Ottoman scientific life. This role has been analyzed in the history of science and in
the history of thought more broadly. Upon Sultan Mehmed II's invitation, he contributed to the formation of the
Fatih Semaniye and Ayasofya Madrasas by transferring the scholarly accumulation of the Samarkand mathematics-
astronomy school to Istanbul, and his works were widely used in Ottoman intellectual circles for centuries.

Risala dar ‘Ilm-i Hisab, which is the first of two mathematical works by Ali Qushji, was written in Persian, probably
in Samarkand, sometime before 861/1456. This work has a remarkable place in the Islamic mathematical tradition
given its numerous copies, its widespread distribution in Iran and Anatolia, and its being used as a textbook
for centuries. In this work, an analysis based on several copies of the work will be shared, correcting outdated
information in the literature and clarifying the place and value of Risala dar Ilm-i Hisab in terms of the history of
science. As an example of the work’s content, the method of finding the quadratic root of integers will be examined
and the proof of the method will be given.

Keywords: Ali Qushyji, history of mathematics, Ottomans, arithmetic, Risala dar ‘Ilm-i Hisab

* Assist. Prof,, Istanbul Medeniyet University, Institute for the History of Science. Correspondence: zehrabilgin.zb@gmail.com

[0 dx.doi.org/10.12658/Nazariyat.11.1.M0249n Bilgin, Zehra. “Preparation for Astronomy: ‘Ali Qushjt’s Risala dar
@ nteps://orcid.org/0000-0002-6147-3018 Tim-i Hisalf, Nozariyat uf1 (April 2025): 65-100.

8 June 2024 12 September 2024



NAZARIYAT

1. Introduction and Background

There are only two kinds of stories: A man goes on a

_journey, or a stranger comes to town.

This article revolves around a segment of the story of a man from Samarkand who
arrived in Constantinople in 1473—a narrative that has maintained its distinguished
place in the historiography of Ottoman science up to the present day. When Ali Qush-
j1 was sent to Istanbul as an envoy of Uzun Hasan, the ruler of the Aq Qoyunlu dy-
nasty, it is unknown whether he anticipated that, just as he had once been under the
patronage of Ulugh Beg, the Timurid prince, he would now find himself under the
protection of another scholar-ruler, Sultan Mehmed II. It remains uncertain whether
he foresaw that he would spend the rest of his life in Istanbul, which was emerging as
a burgeoning center of knowledge, or that his works and teachings would continue

to influence the world of science for centuries to come.

On the other hand, historical records confirm that his arrival was eagerly antic-
ipated in Istanbul, suggesting that Sultan Mehmed the Conqueror’s foresight in this
matter was remarkably astute. Even before his arrival, Alt Qushji had been renowned
as a scholar whose fame had spread through his works. However, by accepting Sultan
Mehmed II's invitation and positioning himself at the heart of Istanbul’s newly de-
veloping intellectual scene, he ensured that his reputation would extend far beyond
his lifetime. He would become a pivotal reference point in the Ottoman Empire for

both mathematical sciences and religious studies for centuries.

The effort and success of Amir Timur (r. 1370-1405, d. 807/1405) in transforming
Samarkand into a center of knowledge during his reign are well known. After his grand-
son Ulugh Beg (d. 853/1449) assumed power, he consolidated Samarkand’s preeminent
role in the intellectual world by founding the Samarkand Madrasa and the Samarkand
Observatory. This transformation established a new school of mathematics and as-
tronomy in Islamic mathematical history, turning Samarkand into an intellectual hub

for mathematical sciences of its era.' Ulugh Beg’s authority as a ruler, combined with

1 For an examination of the school of mathematics and astronomy, see [hsan Fazlioglu, “The
Samarqand Mathematical and Astronomical School A Basis for Ottoman Philosophy and Sci-
ence,” Journal for the History of Arabic Science 14 (2008): 3-68.

66



Zehra Bilgin, Preparation for Astronomy: ‘Ali Qushijt’s Risala dar ‘Ilm-i Hisab

his scholarly identity and passion for knowledge, created an environment of patronage
that attracted and satisfied the scholars of the time. Distinguished figures from various

regions of the Islamic world thus naturally gathered in Samarkand.

Among the notable scholars associated with mathematical sciences at the Sa-
markand Madrasa and its surrounding intellectual circle were Qadi-zade al-Rumi (d.
after 844/1440), Jamshid al-Kashi (d. 832/1429), Fathullah al-Shirvani (d. 891/1486),
and Ulugh Beg himself. Joining them first as a student and later as a colleague was Ali
Qushji (d. 878/1474), the protagonist of this narrative. These scholars collaborated on
a canonical work, the Zij of Ulugh Beg, whose astronomical observations and calcula-
tions would resonate for centuries. When the project was left incomplete due to the
passing of the first two scholars, Ali Qushji continued the endeavor alongside Ulugh

Beg, contributing significantly to its completion.

In this prominent center of mathematical sciences within the region of Transox-
iana, several of the most important works of Islamic mathematical literature were
authored. In addition to the Zij of Ulugh Beg, notable examples include Qadi-zade al-
RamI’s commentaries on Shams al-Din al-Samarqandr’s Ashkal al-Tasis and Mahmud
ibn Umar al-Chaghmint’s al-Mulakhkhas fi’l-Hay'a, as well as Jamshid al-KashT’s re-
markable mathematical treatise, Miftah al-Hisab. For the aforementioned scholars,
these works are considered their magna opera.

This school of thought placed astronomy at its core and regarded mathemat-
ics primarily as an introduction to astronomy. Like his teachers and colleagues, Ali
Qushji contributed to this tradition with his works in astronomy and mathematics.
During his time in Samarkand, he wrote Risala dar Ilm-i Hay'a on astronomy and
Risala dar Tlm-i Hisab on arithmetic, both in Persian. After his migration to Istanbul,
he composed two more works on the same subjects in Arabic: al-Risala al-Fathiyya ft
1lm al-Hay'a and al-Risala al-Muhammadiyya fi ‘Ilm al-Hisab.*

In 2019, al-Risala al-Fathiyya was the focus of Hasan Umut’s doctoral dissertation
at McGill University.? Although Risala dar Ilm-i Hay'a was not the main subject of
this thesis, Umut’s comparisons with al-Risala al-Fathiyya provide some insights into

2 For autoghraph copies, see All Qushji, al-Risala al-Fathiyya fi Ilm al-Hay'a, Silleymaniye Manu-
script Library, Ayasofya 2733/1, f. 1b-70a; Al Qushji, al-Risala al-Muhammadiyya fi Ilm al-Hisab,
Siileymaniye Manuscript Library, Ayasofya 2733/2, f. 73b-168b.

3 Umut, “Theoretical Astronomy in the Early Modern Ottoman Empire ‘Ali al-Qushj's Al-Risala
al-Fathiyya.” (PhD diss., McGill University, 2019).
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the former’s content. In addition to these two texts, to Al Qushji are also attributed
several smaller treatises on specific geometric issues in the history of Ottoman math-
ematical literature. These include Risala fi Istikhraji Magadir al-Zawiya min Maqgadir
al-Azla, which explains methods for calculating the angles of triangles with known
side lengths; Risala ft Qawa'id al-Hisabiyya wa’l-Dala’il al-Handasiyya, addressing cer-
tain rules and theorems in arithmetic and geometry; and Risala fi’l-Zawiya al-Hadda
idha Furidat Harakatuhu Ahadi Dil‘ayha Tahsulu Zawiya Munfarija, which discusses a
problem debated in the Sultan’s court about whether an acute angle becomes obtuse
when one of its sides is moved.* Ihsan Fazlioglu has demonstrated that this last trea-
tise should be attributed to Sinan Pasha.s

Amidst this scholarship, al-Risala al-Muhammadiyya has not been fully studied
or published. Partial studies include Elif Baga’s 2012 doctoral dissertation at Marmara
University, in which she provided a brief content summary and analyzed the algebra
section of the work.® Additionally, Ihsan Fazlioglu examined relevant sections in his
article, “The ‘Double False Position’ and ‘Analysis’ Methods in Ali QushjT’s al-Muham-
madiyya fi'l-Hisab.""

Risala dar ‘Ilm-i Hisab appears to have been overshadowed in contemporary
literature by al-Risala al-Muhammadiyya. Adnan Adivar claims that the latter is a
direct translation of the former.® Similarly, Salih Zeki, in Kamiis-i Riyaziyyat, states
that Al Qushj1 “translated it [Risala dar Ilm-i Hisab] into Arabic from a previously
written Persian version when he arrived in Istanbul.”® Cevat Izgi describes al-Risala
al-Muhammadiyya as an expanded translation.” Thsan Fazlioglu adopts a more cau-
tious stance in the Islam Ansiklopedisi, stating only that Risala dar Ilm-i Hisab forms

the basis of al-Risala al-Muhammadiyya."

4  Ekmeleddin Thsanoglu et al., Osmanl Matematik Literatiirii Tarihi (Istanbul: IRCICA Yayinlari,
1999), 1:24-6.

5  Ihsan Fazhoglu, “Ali Kugcuw'nun bir hendese problemi ve Sinan Paga’ya nisbet edilen cevab1,” Divan:
Disiplinlerarast Calismalar Dergisi 1 (December 1996): 85-106.

6 Elif Baga, “Osmanli Klasik Dénemde Cebir” (PhD diss., Marmara University, 2012), 78—82.

7 fhsan Fazlioglu, “Ali Kugcuw'nun el-Muhammediyye fi el-hisab'inin “Cift yanlig” ile “Tahlil” hesab
boliimi,” Kutadgubilig 4 (October 2003): 135-55.

8  Adnan Adwar, Osmanlt Tiirklerinde Ilim Edition (Istanbul: Remzi Kitabevi, 1982), 4:49.

9 Salih Zeki, Kamiis-i Riyaziyyat, istanbul Universitesi Library Rare Works Collection TYoog15, 8:1030.

10 Cevat Izgi, Osmanli Medreselerinde Ilim (Istanbul: Kiire Yayinlari, 2019), 207.

1 fhsan Fazlioglu, “er- Rlsaletul Muhammedlyye, in TDV Islam Anszklopedtsz, accessed December
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The manuscript of Risala dar Ilm-i Hisab, based on the autograph copy, along
with its Turkish translation and mathematical analysis, was made available to read-
ers by Zehra Bilgin in her 2024 doctoral dissertation at Istanbul Medeniyet Universi-
ty.* Al-Risala al-Muhammadiyya has neither been published nor fully translated into

any modern language.

This article focuses on the relationship and differences between Risala dar ‘Ilm-i
Hisab and al-Risala al-Muhammadiyya. It is hoped that such a comparison will test
the validity of previous claims in the literature and help correct any inaccuracies.
Beyond shedding light on whether al-Risala al-Muhammadiyya is merely a transla-
tion or an expanded version of Risala dar Tlm-i Hisab, this analysis will also reveal
the evolution of Al Qushj's pedagogical approach to arithmetic. Considering that
approximately twenty years likely separate the composition of the two works, the
study will also reflect changes in the needs of the intellectual circles in which he

moved over time.

Risala dar Tlm-i Hisab is the first work in which Ali Qushji’s understanding of
mathematics is fully articulated. He wrote it in Persian during the second half of
the fifteenth century, probably in Samarkand. There are nearly four hundred known
copies of this manuscript in libraries worldwide, most of which are housed in Tiirki-
ye and Iran.® The large number of surviving copies, the continuation of manuscript
copying until the nineteenth century, and its printed edition under the title Mizan al-
Hisab" in Iran in 1850 attest to the widespread readership and significance of Risala

dar 1lm-i Hisab within the Islamic mathematical tradition.

The information available in the current literature on Risala dar ‘Ilm-i Hisab is
insufficient to fully determine its historical scholarly significance and importance.

No critical edition or translation of the work has yet been published. Additional-

12 Zehra Bilgin, “Hesab Bilimine Giris: Ali Kugguw'nun Risdle der [lm-i Hisab Adl Eseri- Tenkitli Metin,
Geviri, Degerlendirme-" (PhD diss., [stanbul Medeniyet Universitesi, 2024).

13 Mustafa Derayati, Fankha (Fihrist Nusakh Khatti Iran, Iranian Manuscripts Index) (Tehran: Nation-
al Library of Iran, 1391), 12:962—80; 1hsan0glu et al., Osmanlt Matematik Literatiirii Tarihi, 21—4.

14 1hsan0glu et al., Osmanlt Matematik Literatiirii Tarihi, 21.

15 In the bibliographical work Mathematicians, Astronomers, and Other Scholars of Islamic Civilization
and Their Works (7th-19th c.) by Boris Rosenfeld and Ekmeleddin Thsanoglu, the entry for “Ali Qash-
j1” mentions that his Risala dar ‘Ilm-i Hisab was translated into Russian by Atayeva. A reference
is made to the bibliography section about QushjL. In this reference, Ali QushjT’s astronomy trea-
tise is found in its Uzbek translation, Astronomiya oid risola, by I. M. Muminov in 1968: Ali Kug¢u,
Astronomiya oid risola, trans. I. M. Muminov (Tashkent: Uzbekiston Ssr “Fan” Nasrieti, 1968). On
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ly, questions persist about the writing process used for the work. This study utilizes
twenty-six manuscripts collected from various locations worldwide, predominant-
ly from Tiirkiye. One key research question is whether versions other than the au-
thor’s autograph manuscript—housed at the Siilleymaniye Library under Ayasofya
2733/3—exist.* This article seeks to answer this question by analyzing the accessible
manuscripts and sharing findings on the historical and scholarly context of the work.

The term “science of arithmetic” (Ilm-i Hisab) in the work’s title refers to one of
the main branches of classical mathematics. This branch studies the relationships
between numbers and covers operations such as addition, subtraction, multiplica-
tion, division, powers, and roots. Ilm-i hisab, inherited from Indian and Greek tradi-
tions, reached its near-natural limits by the fifteenth century owing to the contribu-
tions of Islamic mathematicians. In addition to the Indian arithmetic system, intro-
duced to the Islamic world by Muhammad ibn Misa al-Khwarizmi (d. after 847) and
later to Latin Europe, other methods such as mental arithmetic (kisab al-hawa’) and
sexagesimal arithmetic (hisab sittini, also known as hisab al-tanjim or hisab al-mu-
najjimin) were prevalent.”

In the Islamic mathematical tradition, some works focus exclusively on one
type of arithmetic, while others encompass several methods. Alongside the arith-
metic methods mentioned, these works frequently include sections on mensuration
(misaha). This branch, which can be classified as mensuration, involves measuring
lengths, areas, and volumes of objects. Although the connection between mensu-
ration and arithmetic may not be immediately apparent, calculations of numerical
values for lengths, areas, and volumes using various units of measurement are fun-
damentally arithmetic operations. Therefore, mensuration can be considered a sub-
field of calculation.

the other hand, Rosenfeld and thsanoglu’s work also notes that Atayev translated al-Risala al-Mu-
hammadiyya into Russian. This reference includes U. Atayeva’s Russian work titled Arithmetiches-
kiy traktat. Boris Rosenfeld and Ekmeleddin ihsanoglu, Mathematicians, Astronomers, and Other
Scholars of Islamic Civilization and Their Works (7th-19th c.) (Istanbul: IRCICA, 2003), 286, 665. Since
Atayeva’s work has not yet been accessed, it has not been determined whether the translation per-
tains to al-Risala al-Muhammadiyya or Risala dar Ilm-i Hisab. In the entry on Ali Qushji in Matem-
aticheskiye i astronomicheskiye rukopisi uchonykh Sredney Azii X-XVIII by G. P. Matviyevskaya and
H. Tllashey, it is mentioned that the content of Risala fi ‘Ilm al-Hisab was evaluated by G. Sobirov.
However, this source has not been accessed either. G. P. Matviyevskaya and H. Tllashev, Matemat-
icheskiye i astronomicheskiye rukopisi uchonykh Sredney Azii X-XVIII (Tashkent: 1981), 42.

16 Al Qushji, Risdle der Ilm-i Hisab, Siileymaniye Manuscript Library, Ayasofya 2733/3, f. 170b-222a.

17 Muhammed Siiveysi, “Hesap,” in TDV Islém Ansiklopedisi, accessed December 31, 2023, https://
islamansiklopedisi.org.tr/hesap--matematik#1.
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The same classification applies to the science of algebra. When al-jabr and
al-mugabala were introduced to the world through al-Khwarizmi’s canonical book
Kitab al-Jabr wa’l-Mugabala,”® these new methods were initially regarded as calcu-
lation techniques. Although algebra later became established as an independent
discipline, it is not uncommon to find sections on al-jabr and al-muqgabala within
arithmetic books.

Therefore, it would not be an exaggeration to state that arithmetic works consti-
tute most of the Islamic mathematical literature. These works often combine Indian
arithmetic, sexagesimal arithmetic, algebra, and mensuration. In addition to their
theoretical significance, these texts also served practical purposes. Since al-Khwar-
izmT’s time, algebra and mugabala were known to facilitate daily calculations relat-
ed to commerce, zakat (almsgiving), inheritance, and land measurement. Likewise,

mensuration played a crucial role in solving everyday measurement problems.

The most significant science employing arithmetic, algebra, and mensuration
collectively is astronomy, which was the primary focus of the Samarkand school
of astronomy and mathematics to which All Qushji belonged. Classical astronomy
serves both as a theoretical approach to determining the positions, distances, and
sizes of celestial spheres and bodies and as a practical discipline through ilm al-migat
(timekeeping science). For example, Qadi-zade al-Rimi’s mathematical works—Tu-
hfat al-Ra’is ft Sharh Ashkal al-Ta’sis, Risala fi Istikhraj Jayb Daraja Wahida, and Hashi-
ya ‘ala Tahrir Usul al-Handasa—provide essential tools and methods for astronomi-
cal instruments and calculations. Similarly, Jamshid al-Kash1's Miftah al-Hisab, with
its sections on sexagesimal and decimal arithmetic, is indispensable for astronomy,
thus positioning it as a supplementary work to the field. However, these works also
showcase the versatile nature of mathematics beyond its astronomical applications.

Al QushjT's mathematical works, Risala dar Tlm-i Hisab and al-Risala al-Muham-
madiyya, should be viewed as both practical aids for daily calculations—ranging
from commerce, inheritance, and zakat to land division—and as foundational texts
providing the mathematical background necessary for astronomy. His approach of
composing paired works in Persian and Arabic, first in mathematics and then in as-
tronomy, reinforces this interpretation. This method aligns with the astronomy-fo-

cused nature of his scholarly tradition.

18 For a critical edition of Kitab al-Jabr wa’l-Mugabala, see Roshdi Rashed, Al-Khwarizmi: The Begin-
nings of Algebra (London: SAQ], 2009).
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After the dissolution of the vibrant mathematical environment in Samarkand
following the consecutive deaths of Qadi-zade al-Rami, al-Kashi, and Ulugh Beg, Ali
Qushj1’s journey from Tabriz to Istanbul played a pivotal role in transferring the math-
ematical and astronomical legacy of Samarkand to the emerging intellectual center
of the Ottoman Empire. In Anatolia, the influence of the Maragha school was already
widespread, with works like Nizam al-Din al-NisabuarT's al-Shamsiyya fi al-Hisab" and
Ibn al-Hawwam'’s al-Fawa’id al-Baha'iyya fi'l-Qawa‘id al-Hisabiyya® (and its commen-
taries) familiarizing scholars with Central Asian mathematical knowledge. However,
with Al Qushji’s arrival, both of his arithmetic works, alongside al-Kashi's Mifiah
al-Hisab, became integral to the Ottoman madrasa curriculum, starting with the Aya
Sofya and Fatih Madrasas.”

According to Cevat Izgi, before Baha al-Din al-Amili’s (d. 1031/1622) renowned
Khulasa al-Hisab became widely circulated, al-Risala al-Muhammadiyya and Miftah
al-Hisab were the primary arithmetic textbooks in Ottoman madrasas.” Although
izgi’s claim has been widely accepted as a basic reference in modern scholarship,
his conclusion regarding al-Risala al-Muhammadiyya lacks clear evidence. The argu-
ments based on manuscript numbers and geographical distribution are insufficient.
The assumption that Risala dar Ilm-i Hisab, being in Persian, was not popular in
the Ottoman realm, and that the Arabic al-Risala al-Muhammadiyya was more wide-
spread,” contradicts the manuscript evidence. In fact, the number of extant manu-
scripts of Risala dar ‘Ilm-i Hisab found in libraries across Istanbul and Anatolia alone

exceeds that of al-Risala al-Muhammadiyya in the same region.

It is known that Hajji Khalifa began writing a commentary on al-Risala al-Mu-
hammadiyya titled Ahsan al-Hadiyya bi-Sharh al-Risala al-Muhammadiyya, although
this work remained incomplete, limited to an introduction. According to Thsan Fa-

zlioglu’s article on Katip Celebi's commentary, Hajji Khalifa stated that al-Risala

19  al-Shamsiyya fi al-Hisab was studied by Elif Baga as a master’s thesis and later published by the
Turkish Manuscripts Institution. Nizam al-Din al-Nisaburi, es-Semsiyye f'l-Hisab: Hesap Bilimler-
inde Kilavuz, ed. Elif Baga (Istanbul: Tiirkiye Yazma Eserler Kurumu Bagkanligl, 2020).

20  el-Fevdiduwl-bahd’iyye fil-kava‘idu'l-hisabiyye was presented as a master’s thesis by Thsan Fazlioglu at
Istanbul University in 1993. Thsan Fazlioglu, “Ibn el-Havvam ve Eseri el-Fevaid el-Bahaiyye fi el-Kavai-
di el-Hisabiyye: Tenkitli Metin ve Tarihi Degerlendirme” (Master’s thesis, Istanbul University, 1993).

21 Ihsan Fazlioglu, “Hesap,” in TDVIslam Ansiklopedisi, accessed December 29, 2023, https://islaman-
siklopedisi.org.tr/hesap--matematik#2-osmanlilarda-hesap.

22 izgi, Osmanlt Medreselerinde Ilim, 193.

23 Izgi, Osmanl Medreselerinde Ilim, 207.

72



Zehra Bilgin, Preparation for Astronomy: ‘Ali Qushijt’s Risala dar ‘Ilm-i Hisab

al-Muhammadiyya was an abridgment of Ibn al-Hawwam'’s al-Fawa'id al-Baha'iyya
and al-Kash1's Miftah al-Hisab.*

Considering the enduring fame of Miftah al-Hisab and the numerous accolades it
has received, as well as its profound influence on Al1 Qushji, it is not surprising to find
potential similarities between the two works. However, definitive conclusions cannot
be drawn without a detailed comparative analysis of their content, methodology, and
style. Although existing sources have not conducted such a comparison for Risala dar
Ilm-i Hisab, even a preliminary comparison of chapter titles suggests a comparable
pattern.” Nonetheless, a thorough examination of both works is necessary to fully

understand their relationship and the extent of their influence on each other.

2. Risala dar Ilm-i Hisab

The work titled “Treatise on the Science of Arithmetic” was authored by Ali Qushji
during his time in Samarkand, sometime before the year 861 AH / 1457 CE.*® The
Fankha Catalogue of Manuscripts housed in Iranian libraries records 328 manuscript
copies of this work.”” In contrast, the History of Ottoman Mathematical Literature lists
66 copies, 28 of which are outside Iranian libraries.” Similarly, the same source re-
cords 16 entries for al-Risala al-Muhammadiyya.”® These figures provide insight into

the widespread dissemination of Risala dar Ilm-i Hisab across Iran and Anatolia.

In this study, 26 manuscript copies have been examined, primarily from libraries
in Tiirkiye, along with others from Tehran, Paris, Oxford, and Leiden. The catalog
entries and, where available, the colophon dates of these manuscripts are presented
in Table 1.

24  Thsan Fazliogly, “Ali Kusgu'nun el-Risalet el Muhammediyye fi el-hisab adli eserine Katip Cel-
eb'nin yazdig1 serh: Ahsen el-hediyye bi-serh el-Muhammediyye,” Tiirk Dilleri Arastirmalart 17
(2007): 113—-25.

25  For a critical edition of Miftah al-Hisab, see Jamshid Giyas al-din al-Kashi, Mifiah al-Hisab, ed.
Ahmad Said Demirdanis and Muhammad Hamdi Hanafi (Cairo: Dar al-Kitab al-Arabi li al-tiba‘a
wa al-nashr, n.d.).

26  This information about the authorship is based on the earliest dated manuscript we have, which
is registered under number 2640 in the Ayasofya collection at the Siileymaniye Library. This man-
uscript’s transcription date is 861 AH / 1457 CE. Ali Qushji, Risdle der Iim-i Hisdb, Siilleymaniye
Manuscript Library, Ayasofya 2640/2, f. 170b-222a.

27  Derayati, Fankha, 12:962—80.

28  Thsanoglu et al., Osmanli Matematik Literatiirii Tarihi, 21-4.

29 ihsanoglu et al., Osmanlt Matematik Literatiirii Tarihi, 25.
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2.1. Author’s Manuscript

The author’s manuscript of the work is located at the Siileymaniye Library, within the
Ayasofya Collection, cataloged under number 2733, spanning folios 170b-222a of the
codex.?* The same codex also contains Ali Qushjt’s al-Risala al-Fathiyya fi al-Hay'a on

folios 1b-70a and al-Risala al-Muhammadiyya fi al-Hisab on folios 73b-168b.

It is recorded in various sources that All Qushji presented these works or the
codex itself to Sultan Mehmed II. The title and colophon of al-Risala al-Fathiyya ex-
plicitly indicates that the work was dedicated to the Sultan in commemoration of his
victory at Otlukbeli. In Kashf al-Zunin, Hajji Khalifa states that al-Risala al-Muham-
madiyya was written for Sultan Mehmed I1.* Similarly, [hsan Fazlioglu notes that Ali
Qushji, in the introduction of al-Risala al-Muhammadiyya, explicitly mentions that

he composed the work for presentation to the Sultan.>

A significant question that remains to be explored is whether the strong likeli-
hood that al-Risala al-Fathiyya and al-Risala al-Muhammadiyya were presented to
the Sultan also applies to the third work in the codex, Risala dar ‘Ilm-i Hisab. To ad-
dress this question, it is first necessary to determine whether the three works in the

codex were brought together in the same period.

The pages of the first work, al-Risala al-Fathiyya, feature occasional numbering
in Arabic numerals. Some numbers appear incomplete, indicating that the codex
has undergone restoration. These numbers do not appear in the other works. It is
possible that the pages were trimmed during restoration, leading to the loss of num-
bering, or that only the first work was numbered initially. The numbering may have
been added by the author himself. The handwriting in all three works is similar, the
number of lines per page and the margin dimensions are consistent, and each work
contains the author’s colophon. Additionally, the catchwords on the verso sides of
the folios have been consistently recorded in the same area of the page, suggesting
that the author may have written the catchwords of all three works in succession, in

a single sitting.

30 Al Qushji, Risdle der Ilm-i Hisdb, Ayasofya 2733/3, f. 170b-222a.
31 Katip Gelebi, Kegfiiz-Ziiniin, Volume One, ed. Serefettin Yaltkaya and Rifat Bilge (Istanbul: Milli
Egitim Bakanhg Yayinlari, 1971), 889.

32 Fazlioglu, “er-Riséletir]l-Muhammediyye.”
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The colophon of al-Risala al-Fathiyya records its completion date as Rabi‘al-Aw-
wal 878 AH (1473 CE). Ali Qushjt dedicated this work to Sultan Mehmed II in cele-
bration of his victory against Uzun Hasan at Otlukbeli, naming it al-Risala al-Fathi-
yya. The second work in the codex, al-Risala al-Muhammadiyya, was completed in
Ramadan 877 AH (1473 CE). This work was named al-Risala al-Muhammadiyya in
honor of the Sultan. In the prefaces of both works, the Sultan’s name is written in
gold ink.

The completion date recorded in the colophon of Risala dar 1lm-i Hisab is
Ramadan 877 AH (February 1473 CE), which coincides with the completion date
of al-Risala al-Muhammadiyya. However, unlike the other two works, this treatise
lacks a preface. Moreover, while the titles of the first two works are listed on the
endpaper of the codex, Risala dar ‘Ilm-i Hisab is not mentioned. On folio 1a of the
protective leaves, after the note “al-Risala al-Fathiyya qa gayruhu fi al-hisab,” the
titles Risala Fathiyya fi al-Hay'a and Risala Muhammediyya fi al-Hisab appear, each
followed by the name “Ali bin Muhammad al-Quishi.” The third entry, Risala al-Farist
fi al-Hisab, lacks an author attribution. On folio 1a, the titles Risala Fathiyya fi llm
al-Hay'a and al-Risala al-Muhammadiyya ft ‘Ilm al-Hisab are found, but Risala dar
Tlm-i Hisab is absent. These indications suggest that the third work may have been
added to the codex at a later date.

Additionally, folio 1a bears the seal of Sultan Mahmud I, a foundation record, and
the seal of Sheikhzadah Ahmed Efendi, Inspector of the Evkaf-1 Haramayn, along
with the seal of Sultan Bayezid II. The third seal also appears at the end of the manu-
script. Even if Risala dar ‘Ilm-i Hisab was added later, the presence of Sultan Bayezid

IT’s seal suggests that the codex existed in its present form during his reign.

The colophon of Risala dar Ilm-i Hisab is as follows (see Image 1):
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Image 1. The colophon of Risala dar Ilm-i Hisab, Ayasofya 2733/3.

J\&)A\M\M\r@\wfdx&QLQHMWJWM\»
33 ©

L‘”L‘”) Opny g B 348 o Olias

“The completion and embellishment of this book were carried out by its author, the humble

and destitute servant seeking refuge in the Savior, Ali bin Muhammad al-Qashi—may God

correct his affairs and protect him from that which may harm him—in the middle of the
month of Ramadan in the year 877 AH”

Naturally, the existence of copies transcribed before this late authograph sug-
gests that earlier authograph versions of the work must have existed. This suggestion
raises the question of whether the work underwent modifications during its redac-

tion—in other words, whether different versions of the text exist.

2.2. Versions of Risala dar ‘Ilm-i Hisab

A comparative analysis of the manuscript copies used in this study reveals a note-
worthy aspect: the authorial manuscript, cataloged as Siileymaniye Library Ayasofya
2733/3, exhibits syntactic differences from all other copies in certain instances. Spe-
cifically, the placement of the predicate varies between the two groups of manu-
scripts. In the authorial manuscript, the predicate appears at the end of the sentence,

whereas in the other group, it is positioned at the beginning.

For example, on folio 179b of the Ayasofya 2733/3 manuscript (see Image 2):

33 Kuscu, Risdle der Tim-i Hisab, 222a.
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Image 2. Ayasofya 2733 — 179b
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Meanwhile, in folio 33b of the Siilleymaniye Library Ayasofya 2640/2 manuscript,
the same sentence with the same meaning is structured as follows (see Image 3):

Image 3. Ayasofya 2640 — 33b
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This variation in word order highlights the syntactic differences between the two

manuscript groups.

Interestingly, this phenomenon is not observed in every sentence but only in
certain instances. It is evident that when Ali Qushji revised his work in Istanbul, he
made occasional syntactic modifications. Furthermore, in some folios of the manu-
script found in the Ayasofya 2640 codex, the syntax was later corrected to align with

that of the authorial manuscript (see Image 4).
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An individual appears to have begun revising this earlier manuscript in accord-
ance with the authorial version. However, the corrections were only made on two
pages before the effort was abandoned.

Image 4. Ayasofya 2640 — 40b

Since this difference is purely linguistic, it does not introduce any changes in
meaning or content; therefore, it can be disregarded when considering the sub-
stance of the work. Different linguistic preferences may be observed across various
geographical regions. The presence of inverted sentence structures in manuscripts
other than the authorial copy, resembling spoken language, suggests the possibility
that the work was compiled from a student’s notes taken while listening to the au-
thor. It is likely that the initial version of the work originated from a student’s notes
after attending Al QushjT’s lectures. Regardless, this observation leads us to conclude
that the first version of the text probably contained the syntactic structures found in

manuscripts other than the authorial copy.

In addition to minor lexical variations frequently encountered in manuscript
comparisons that do not alter the meaning, a significant content difference has also
emerged. The second section of the first chapter, which deals with fractional arith-
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metic, discusses the concepts of inclusion, intersection, and co-primality among
numbers and their common denominators. Based on the content of this section, the
existing manuscripts can be classified into two groups. When considering the syntac-
tic differences of the first group of manuscripts compared to the authorial copy, this
content variation suggests that Alt Qushji updated his text even before the version he
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wrote upon arriving in Istanbul.

34

The translation of the relevant section from the authorial copy is as follows:

The method is as follows: Take the denominators of the given fractions and simplify the
larger of the denominators that have inclusion while retaining the smaller one. Record
and set aside the remaining denominators sequentially. For example, take the largest
denominator and examine the remaining ones; preserve those that are co-prime. For
those that are compatible, simplify them by their common factor so that the remaining
denominators settle at a fixed point.

Then, among the remaining denominators, take the smaller of the ones that have inclu-
sion and examine what remains. Retain the largest among them and preserve the co-
prime denominators. For the compatible ones, take the common denominator. In this
way, all denominators are reviewed.

After the review, multiply one of the remaining denominators by the next, then multiply
the result by the third, and repeat this process with the fourth. Apply this method to
all denominators without exception. The final product will be the desired denominator.

Example: If we seek the smallest number for nine fractions, we first take the denomina-
tors of these fractions. Since eight includes four and two, we eliminate them and record
eight. Since three and six, as well as five and ten, have inclusion, we retain three and five,
while recording six and ten. After examining the inclusion relationships, the remaining
denominators are ten, nine, eight, seven, and six. Selecting one, say ten, and comparing it
with the remaining denominators, we find that it is co-prime with nine and seven, so we
record those numbers. Since eight and six are compatible by half, we take half of these
values, i.e., four and three.

Now, recording ten, we apply the same process to the remaining values—nine, seven,
four, and three. Selecting nine and comparing it with the others, we see that it is co-
prime with seven and four, so we record them. The included three is eliminated. Subse-
quently, since nine is co-prime with seven and four, we record both. Reviewing our re-
corded values, we find ten, nine, seven, and four. We multiply ten by nine, yielding ninety.
Then, we multiply this result by seven, obtaining six hundred thirty. Finally, multiplying
by four gives two thousand five hundred twenty. This is the desired result.3

In the second group of manuscripts, however, the passage is as follows:

Ali Quishji, Risdle der [lm-i HisGb, Ayasofya 2733/3, f. 189a-190a.
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The method is as follows: Take the denominators of the given fractions and determine
their inclusion, intersection, and co-primality. Now, preserve the co-prime denomina-
tors. For the denominators that have inclusion, retain the larger one and eliminate the
smaller. Among the compatible denominators, retain one while preserving the propor-
tional part of the other. Then, multiply the preserved values sequentially: First by the sec-
ond, then by the third, and so on until all values have been considered. The final product
will be the desired denominator.

Example: Suppose we want to find the smallest common denominator of one-half, one-
third, one-fourth, one-fifth, one-sixth, and one-eighth. The common denominator is six-
ty. That is, we take the denominators two, three, four, five, six, and eight. Since five is co-
prime with each, we preserve it. As two and four are included in eight, we eliminate two
and four while retaining eight. Between three and six, we keep six. Since six and eight are
compatible, we preserve three as the proportional part of six and eliminate six.

Now, reviewing the preserved numbers, we find three, five, and eight. Multiplying three
by five gives fifteen. Multiplying this result by eight yields one hundred twenty, which is
the desired denominator.

As seen, in the first group, which includes the authorial copy, the method for
finding the common denominator of fractions is explained in more detail and with
a different approach than in the second group. Ali Qushji appears to have rewritten
this section to be more comprehensive and explicit.

The authorial copy differs from the other manuscripts not only in syntax but also
in its treatment of geometrical definitions. In the section on the elements of a circle,
Al Qushji made an additional revision, indicating a third update to his work. The
relevant passage in the authorial copy is as follows:

Each straight line is called a radius. Any line that divides the circle into two parts is called
a chord, and each of these two parts is termed an arc. The plane enclosed by an arc and
its corresponding chord is called a circular segment. The chord is referred to as the base
of the segment. If the chord passes through the center, it is called a diameter.®

In manuscripts other than the authorial copy, this passage is given as:

Each straight line is called a radius. Any line that divides the circle into two parts is called
a chord, and each part is called an arc and a base. Each of these is termed a segment of
the circle. Each of the two parts of the circumference is called an arc. If this line passes
through the center, it is called a diameter.s

35 Al Qushji, Risale der Ilm-i Hisdb, Ayasofya 2640/2, f. 42a-43a
36 Al Qushji, Risdle der Ilm-i Hisab, Ayasofya 2733/3, f. 216a.
37 Al Qushji, Risdle der Ilm-i Hisdb, Ayasofya 2640/2, f. 67a.
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which is clearer and more precise in the authorial copy.

The first version, represented by the oldest known manuscript registered as Ayasofya
2640/2, contains both the original syntax and content. The second version, written
in the older syntax but containing content updates, represents an intermediate re-
vision. The final version, registered as Ayasofya 2733/3, includes both the updated

syntax and the second round of content modifications. Manuscripts classified based

on these distinctions are presented in Table 1.

The fundamental difference here lies in the definition of a circular segment,

Ultimately, it can be concluded that the work exists in at least three versions.

Library Collection Number Copying dates (AH)
Siileymaniye Ayasofya 2640/2 861
Siileymaniye Ayasofya 2754/2 911
Fransa Milli (BnF) Supplement Persan 1757 983
Stileymaniye Hamidiye 875/ 1032
Siileymaniye Esmahan Sultan 295/2 1055
Corum il Halk 3060/2 1067
Siileymaniye Laleli 56/7 1100
Tahran Meclis-i $tré-y1 Milli 597/1 158
.é Siileymaniye Kilig Ali 683/4 u™ Century
§ S'Li.leymaniye Nl%ruos.maniye 2904/1 12" Century
Millet Ali Emirf 289 12" Century
Arkeoloji Miizesi Arkeoloji Miizesi 896/9 12" Century
Beyazit Devlet Veliyiiddin Efendi 2316/2
Rasid Efendi Rasid Efendi 1mg/5
Milli Bes. A 4851/3
Tahran Meclis-i $tird-y1 Milli 206/2
Tahran Meclis-i $trd-y1 Milli 3117/4
Oxford University Bodleian Greaves 21
Oxford University Bodleian MS Laud Or. | 313
Siileymaniye Ayasofya 3336/3 9" Century
.g Siileymaniye Nuruosmaniye 4913/9 9" Century
£ Istanbul Universitesi Nadir Eserler 1082 9™ Century
= | Millet Feyzullah Efendi 1337/3 10" Century
Stileymaniye Laleli 2766/3 10" Century
32]
g
Z Stileymaniye Ayasofya 2733/3 878
g

81




NAZARIYAT

Table 1. Manuscript Groups Based on the Examined Copies and Versions in the
Study. For manuscripts with unknown copying dates, the estimated century infor-
mation has been determined based on the relevant entry in the Osmanlt Matematik
Literatiirti Tarihi® In Version 1, the syntax differs from that of the author’s manu-
script. Additionally, there are content differences in the sections on the inclusion
(tadahul), intersection (tasharuk), and co-primality (tabayun) of numbers, as well as
in the section on the elements of the circle. In Version 2, the syntax remains the same
as in Version 1; however, the section on inclusion, intersection, and co-primality has
been updated. In Version 3, both the syntax and the content of these sections have
been revised and updated.

2.3. Analysis of Manuscript Copies and Versions

The differences we have identified indicate that none of the available copies were di-
rectly reproduced from the author’s manuscript, which is recorded in Ayasofya 2733/3.
It is evident that this manuscript, presented to the Sultan, remained in the palace
library and did not circulate. Interestingly, except for the copy registered in Ayasofya
2640/2, all other copies were produced after the author’s manuscript, yet they are not
directly related to it. This lack of readership may also apply to other works in the col-
lection, namely al-Risala al-Fathiyya and al-Risala al-Muhammadiyya.

The earliest dated copy, corresponding to Version 1, is found in a manuscript reg-
istered in the Siileymaniye Library’s Ayasofya Collection under the number 2640. The
colophon of Risala dar Ilm-i Hisab states that the manuscript was completed in the
month of Safar, 861 AH, by the scribe ‘Ata’ullah. Frequent corrections within the text
and marginal annotations, including ellipsis marks, suggest that this copy was cross-
checked against another source. However, no explicit comparison record is present.

None of the copies corresponding to Version 2 contain a recorded copying date.
In the Osmanli Matematik Literatiirti Tarihi, approximate dates have been inferred
based on the copying dates of other works within the same codices.

Among the examined codices, most contain treatises on astronomy, except for
a few devoted exclusively to arithmetic and one covering various topics. In most of
these manuscripts, works on astronomy appear first, followed by Risala dar Ilm-i
Hisab. This suggests that ‘Ali QushjT’s treatise on arithmetic was regarded as a prelim-

inary study accompanying the science of astronomy.

38 1hsan0glu et al., Osmanlt Matematik Literatiirii Tarihi, 21—4.
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2.4. Content of Risala dar Ilm-i Hisab

Risala dar Ilm-i Hisab consists of three articles. It does not contain a preface (dibaja)
or an introduction (muqaddima). Instead, after a brief expression of praise (hamdala
and salwala), the text directly states, “This book consists of three articles,” and then

proceeds to the first section.

The first article concerns Hindi Calculation (Indian arithmetic), the second ad-
dresses Tanjim Calculation (sexagesimal arithmetic), and the third and final article
covers Masaha (mensuration). “Hindi Calculation” refers to computational methods
based on the positional decimal numeral system. Tanjim Calculation follows the sex-
agesimal numeral system, which was primarily used by astronomers. The study of
mensuration (masaha), which involves the calculation of length, area, and volume of

geometric objects, is commonly found in classical arithmetic texts.

The first article consists of an introduction and two chapters. In the introduc-
tion, the nine numerals used for representing numbers (Hindi-Arabic numerals) are
introduced and how numbers are represented in the decimal positional system is
explained. Chapter one discusses arithmetic operations involving whole numbers
(only positive integers are considered in the text). It examines operations such as
doubling, halving, addition, subtraction, multiplication, division, and root extrac-

tion. The treatise also describes methods for verifying these calculations.

Chapter two focuses on fractional arithmetic. It first explains how fractions are
represented. Since addition and subtraction of fractions require a common denom-
inator, the text first discusses methods for determining the greatest common divi-
sor of whole numbers, followed by finding a common denominator. It also demon-
strates the conversion between mixed fractions and improper fractions. Arithmetic
operations on fractions, including doubling, halving, addition, and subtraction, are
then covered. The text also explains unit conversions, exemplified through mone-
tary units. The chapter concludes with multiplication, division, and root extraction
of fractions.

The second article comprises an introduction and six chapters. In the intro-
duction, firstly Abjad numerals and their use in numerical representation are intro-
duced. Then the components of the sexagesimal (base-60) system, beginning with
degrees and their subdivisions (minutes, seconds, thirds, etc.), as well as higher-or-
der units (marfu’, mathani, mathalis, etc.) are explained. Like the decimal system, a

placeholder symbol is used in the sexagesimal system when a positional value is ab-
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sent. The article frequently refers to “Hindi Calculation,” highlighting key differences.
The most evident difference is that in the sexagesimal system, numerical digits are

written from right to left, rather than left to right as in Hindi Calculation.

In the following chapters, multiplication is introduced first, followed by division
and root extraction. Additional sections are dedicated to determining the type of unit
in computed results and verifying calculations. Other arithmetic operations are not
detailed separately, as once the writing system of the sexagesimal system is under-

stood, addition and subtraction can be performed analogously to Hindr Calculation.

The final chapter is on zodiacal calculation. In astronomical calculations, an ad-
ditional unit called a burj (zodiac sign), equivalent to 30 degrees, is used. This section

explains how arithmetic operations are performed when values include burj units.

The final article, devoted to masaha, consists of an introduction and three chap-
ters. In the introduction the geometric entities that will be used, including points,
lines, angles, surfaces, solids, two-dimensional and three-dimensional shapes, and
their respective properties are defined. Chapter one covers length and area meas-
urement for one-dimensional and two-dimensional geometric figures. Chapter two
discusses the lateral and total surface areas of three-dimensional objects. Chapter

three explains methods for calculating the volumes of solids.

It is worth noting that the masaha article is particularly concise. The authograph
manuscript includes diagrams illustrating the geometric objects defined in the in-
troduction, but no illustrations are provided in later sections. Some subsequently

copied manuscripts, however, contain additional diagrams.

3. Comparison between Risala dar ‘Ilm-i Hisab and
al-Risala al-Muhammadiyya

The comparative analysis of Risala dar Tlm-i Hisab and al-Risala al-Muhammadiyya
aims to shed light on the relationship between these two works, which constitutes
one of this article’s key research questions. To this end, Tables 2, 3, and 4 present a

comparison of the relevant articles and chapter titles from both texts.
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Article 1: Hindi Calculation

Risala dar ‘Ilm-i Hisab al-Risala al-Muhammadiyya
Introduction: The essence of number
Introduction: Notations for numbers Fann1 Chapter 1: Notations for numbers
1. Doubling 1. Doubling
L‘i 2. Halving - 2. Halving
"é g 3. Summation 4; 3. Summation
g F% 4. Subtraction ;é . 4. Subtraction
g 12 5. Multiplication 5 E 5. Multiplication
%_ S | 6. Division g § 6. Division
6 7. Root extraction :%‘ :g 7. Root extraction
8. Checking o F 8. Checking
Introduction Introduction
1. Finding common divisors 1. Notations for fractions
2. Finding common denominator 2. Finding common divisors

3. Transforming mixed fractions
and improper fractions one into
another

3. Transforming mixed fractions
into improper fractions

4. Transforming improper 4. Finding common

fractions into mixed fractions denominator
. Doubling, halving,
5. Doubling 5 K 8 8 .
summation, subtraction
6. Transforming compound
6. Halving fractions into proper or

improper fractions

7. Summation 7. Multiplication

8. Subtraction 8. Division

Chapter 2: Arithmetic of Fractional Numbers

9. Changing a unit to another

. 9. Root extraction
unit

10. Transforming denominators
one into another

Chapter 2: Arithmetic of Fractional Numbers

Article 1: Hindi Calculation

10. Multiplication

11. Division

12. Root extraction

Table 2. Comparison of the first articles Risala dar Ilm-i Hisab and al-Risala al-Muhammadiyya
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al-Risala al-Muhammadiyya al-Risala al-Muhammadiyya
Introduction: Abjad notation and Introduction: Abjad notation and some
some definitions definitions

1. Grid multiplication 1. Doubling, summation, subtraction

2. Division 2.Multiplication

3. Root extraction 3. Division

4. Multiplication, division and

. Root extraction
knowing the type of the result 4

5. Checking 5. Checking

Article 2: Tanjim Calculation
Article 2: Tanjim Calculation

6. Zodiac signs calculation

Table 3. Comparison of the second articles Risala dar ‘Ilm-i Hisab and al-Risala al-Muhammadiyya

Risala dar 1lm-i Hisab al-Risala al-Muhammadiyya
Introduction: Definitions Introduction: Definitions
3
< . . - . .
'S 1. Mensuration of lines and plane £ o Chapter 1: Mensuration of lines and plane
§ surfaces = S | surfaces
. & @
E 2. Mensuration of surface of S § Chapter 2: Mensuration of surface of
f_,f revolution & revolution
<
3. Mensuration of volumes Chapter 2: Mensuration of volumes

Table 4. Comparison of the third article Risala dar Ilm-i Hisab and the second
fann al-Risala al-Muhammadiyya

In al-Risala al-Muhammadiyya, the subjects of algebra and the double false po-
sition method as well as some algebra problems, which are examined in the third,
fourth, and fifth articles of the first section (fann), do not have corresponding coun-
terparts in Risala dar Tlm-i Hisab. Therefore, these topics have been excluded from

the comparison.

Analyzing the chapter titles of a work often falls short of providing definitive
conclusions regarding its content. However, given that both texts were authored by
the same scholar, a degree of overlap in content can be expected. In this specific case,
the comparative tables above serve as an initial step in forming an understanding of

the relationship between the two texts.

As observed, the chapter titles in the first article, which examines Indian arith-
metic, remain nearly identical despite some variations in sequencing. Upon closer
examination, the content of this section exhibits significant similarities. However,
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the situation differs in the second article, which focuses on tanjim arithmetic. While
Risala dar Tlm-i Hisab discusses only multiplication, division, and root extraction,
al-Risala al-Muhammadiyya expands upon these topics by including methods for
doubling, halving, addition, and subtraction. Furthermore, al-Risala al-Muhammadi-
yya integrates zodiacal calculations within the main discussion, rather than address-
ing them under a separate heading. A detailed textual comparison reveals that the
second articles of each work do not maintain the level of similarity observed in the
first articles, and this difference also applies to the third article. Although the chapter
titles align, the textual content diverges considerably.

Additionally, al-Risala al-Muhammadiyya contains three extra sections: one de-
voted to algebra (ilm al-jabr), which discusses equation-solving methods; one cov-
ering the double false position method, a distinct approach to solving equations;
and another containing some algebraic problems. Risala dar Ilm-i Hisab lacks cor-
responding counterparts for these sections. These three additional articles, in fact,

introduce more advanced computational techniques.

A crucial distinguishing feature of al-Risala al-Muhammadiyya is its introduc-
tion, which includes a discussion of the nature of numbers. This discourse, common-
ly found in classical mathematical treatises, provides insight into the author’s con-
ceptualization of numbers. However, Risala dar Ilm-i Hisab does not include such a

discussion, raising questions as to why the author omitted this segment.

Another major difference between the two works lies in their technical level.
Although Risala dar ‘Ilm-i Hisab covers the three primary computational methods of
its time—Indian arithmetic, sexagesimal arithmetic, and masdaha (mensuration)—it
presents these topics at an introductory level. In contrast, al-Risala al-Muhammadi-
yya extends its scope by introducing algebra and the double false position method.
While its sections on Indian and sexagesimal arithmetic are more concise than those
in Risala dar ‘Ilm-i Hisab, its broader treatment of masaha and inclusion of new

mathematical discussions distinguish it as a more advanced work.

It is important to note that there is no historical evidence—either from the au-
thor’s own statements or from later classical scholars—supporting the claim that
Risala dar Tlm-i Hisab is a translation or an expanded version of al-Risala al-Muham-
madiyya. The argument favoring translation, found in modern literature, appears to
stem from the significant textual similarities between the respective first articles on
Indian arithmetic. However, this resemblance is not sustained throughout the rest
of the text.
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In light of the comparative findings summarized above, the assertion that
al-Risala al-Muhammadiyya is a translation of Risala dar ‘Ilm-i Hisab loses its validity.
The claim that the former represents an expanded version also remains debatable, as
the similarities are largely confined to the first article. Furthermore, the section on
sexagesimal arithmetic exhibits notable differences in exposition, and the additional
three articles in al-Risala al-Muhammadiyya represent original contributions rather
than expansions of existing topics. Consequently, it is more appropriate to consider

these works as independent compositions.

The more comprehensive content of al-Risala al-Muhammadiyya, its discussion
of the nature of numbers, and its additional sections suggest an evolution in the au-
thor’s approach to mathematics and mathematics education over time. Moreover,
the fact that Risala dar ‘Ilm-i Hisab was included in the same manuscript codex as
al-Risala al-Fathiyya, a work presented to the Sultan following the Ottoman victory
at Otlukbeli, indicates the author’s intention for the former text to remain in circu-
lation. It is likely that the author prepared these two works for different audiences,
which may explain why he did not consider Risala dar Ilm-i Hisab obsolete after
composing al-Risala al-Muhammadiyya. The large number of surviving copies of
Risala dar ‘1lm-i Hisab, copied and reproduced across different centuries, further

supports this interpretation.

4. The Concept of Root Extraction in Risala dar ‘llm-i Hisab

One of the frequently encountered topics in classical arithmetic treatises is the ap-
proximation of the square root of integers. Depending on the level of the text, differ-
ent degrees of root extraction may be addressed. Given that Risala dar Tlm-i Hisab is
a fundamental arithmetic work, Ali Qushji limited his discussion to the extraction of

square roots in both the Hindi and Tanjim arithmetic sections.

In this section, as an example of the work’s content, the method for determining
the square root of integers will be examined. In addition to presenting the traditional
explanation found in the text, a mathematical proof will be provided to demonstrate
why the method yields the correct result.

A number, when multiplied by itself, produces a product known as its square.
Given a number, the value that, when squared, results in this number, is called its

square root.
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Fora>o;

axa=a’

For a given number a and another number b, if:
b*=a

then b is defined as the square root of a. The square root is denoted by the sym-

bol V.

4.1. The Method of Extracting Square Roots*»

The process of root extraction is performed with the aid of a table. The number
whose square root is to be found is written into the table, with each digit occupying a
separate column. Starting from the rightmost digit, every other digit (first, third, fifth,

etc.) is marked with dots.

A digit between 1 and g is identified such that, when squared, it yields the larg-
est possible value that can be subtracted from the number formed by the marked
digit and those to its left. This selected digit is then written above the corresponding
mark and again below it, leaving appropriate spacing. The square of this digit is cal-
culated and recorded beneath the original number, aligning its units digit with the
corresponding digit in the original number. The square is then subtracted from the
aligned digits of the original number, and a horizontal line is drawn to separate the

remainder, which is written below.

The number written above is then doubled, and its sum is shifted one place to
the right so that its units digit aligns with the digit immediately to the right of the
last marked position. A horizontal line is drawn over the lower number to indicate
completion of that step.

The process is repeated for the next marked position: a digit from 1 to g is chosen
such that, when squared, it yields the largest possible value that can be subtracted
from the number formed by the marked digit and those to its left. This digit is record-
ed above and below the corresponding mark, and the previously mentioned steps
are repeated. Each time, the sum of the numbers written above is shifted one place
to the right.

39  This method is explained in Ali Quishji, Risdle der Iim-i Hisab, Ayasofya 2733/3, f. 183a-186a.
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The steps continue in this manner until the leftmost marked position is reached.
If at any stage no suitable digit can be found, zero is written above and below the
mark, and the sum is shifted one place to the right.

Upon completion of the process, the number recorded at the top of the table
represents the extracted square root. If no remainder remains, the original number
is a perfect square, and the obtained value is its exact square root. If a remainder
is present, the number is irrational, and the result represents an approximation. In
such cases, the rightmost marked digit at the top is added to itself, and the sum of all
lower numbers is considered the denominator. The ratio of the original number to
this sum is computed, and the resulting fraction is appended to the extracted root for

improved precision.

4.2. Algebraic Explanation of the Method

The rule applied in the author’s classical method can be expressed algebraically as
follows:

Let x be the natural number whose square root is to be found.
X=u’+r

where u and r are numbers that satisfy this equation. Let u be chosen as the larg-

est possible number. If x is a perfect square, then
x=u’
Let u be written as follows, where o < a,.,a <9 and o<a <9:
u=10"xa +10"xa_+..+a

In this case,

x=(10"xa +10"*xa_+.+a)y+r

=(10"ya + (107) @ +.+a

+2(10"xa ) (10™xa_+..+2(10"xa )a
+2(10"xa, ) (10™xa  +.+2(10"xa_ )a

+..+2x 10 x aa
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That is, the number x is equal to the sum of the squares of each term in
u=10"xa + 10" xa_+..+a
n n-1 1
along with twice the product of each pair of terms.

The square root extraction method relies on estimating the values of a in this
sum, subtracting their squares and the twice-their-product terms one by one from x.
If a remainder remains at the end of these subtractions, this remainder is divided by
2u+1, and the resulting fraction is added to u . Thereby, an approximate square root is

obtained. In other words,

x=\Jui+r=u+

r
2u+1
Now, we will apply this rule to the example in the work: finding the square root

of 128172.
Since the number has six digits, its square root cannot have more than three
digits.
128172 = (10°a, + 10a, + a,)* + 1
:10000a§ +100a?+ a’ + axa,
+200 x axa,
+20xa_ xa +r
To subtract the largest possible 100004 value from 128172, we choose a_ = 3.
128172 - 90000 = 38172

From 38172, we subtract the largest possible 1002’ value. However, we must also
keep in mind that the term

2000x @ x a,= 6000 x a,
will be substracted. Thus, we choose a_= 5.
38172 -6000x5-100x25=38172 -30000 - 2500 = 5672

Now, from 5672, we subtract the largest possible a value. However, we must also
consider that the terms 200 x axa= 600xa ve 20xa xa=100xa will be substract-
ed.

So, we choose a=8.

91



NAZARIYAT

5672 -600 x 8-100x8-64=5672-4800-800-64=28
Thus, we find u= 385 and r=8.

128172 =358+ 8

8
V128172 ~ 358 + 717

The tables provided in the work for this example, using Western Arabic numer-
als, are as follows:

3 3 5 3 5 8
12|18 |17 |2(||1])2|8|1]|7]2 1(2)8[(1]|7]2
9 9 9
3 3 3
310 310
8 8
6 215 215
3 516 5
5]6|6]|4
710 8
6|5
3
71117
71018
6|5
3

4.1. The Persian Text of the Square Root Extraction Method

In this section, the original Persian text of the square root extraction method, whose
translation and algebraic explanation were given above, will be provided based on

the author’s manuscript registered as Ayasofya 2733.
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40  Metinde varak numaralar Ayasofya 2733'e kayith miiellif niishasina gore verilmigtir.
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5. Conclusion

In contemporary literature regarding Risala dar ‘Ilm-i Hisab, a commonly
circulated claim—propagated through the statements of historians of sci-
ence such as Adnan Adivar, Salih Zeki, and Cevat izgi—asserts that al-Risala
al-Muhammadiyya is either a translation or an expanded version of the for-
mer work. This translation claim may have contributed to the assumption that
Risala dar ‘Ilm-i Hisab lost significance following the compilation of al-Risala
al-Muhammadiyya. The fact that the latter was written around the time All
Qushj1 arrived in Istanbul may have led to the perception that it was the more
widely circulated work in the Ottoman world. Izgi, who proposed this claim,
supports his argument by comparing the number of existing manuscripts and
their geographical distribution. However, although Izgi’s manuscript counts
are outdated, even according to his data, the copies of Risala dar Ilm-i Hisab
found in Anatolia alone exceed the total copies of al-Risala al-Muhammadi-
yya. Furthermore, more recent cataloging efforts reveal nearly four hundred
manuscripts Risala dar 1lm-i Hisab scattered across Iran, Turkey, France,
England, the Netherlands, and several other countries. Based on numerical
comparison alone, Risala dar ‘Ilm-i Hisab clearly surpasses the latter work,
suggesting that the widespread acceptance of this translation claim requires
further substantiation. Until more concrete evidence is presented, it is advis-
able to approach Izgi’s assertion with caution.

Another claim that requires substantiation is the idea that Ali Qushji
translated his Persian work into Arabic upon or shortly after his arrival in Is-
tanbul, thereby producing al-Risala al-Muhammadiyya. The scholars cited in
this claim—Adivar and Salih Zeki—likely reached this conclusion based on
the thematic alignment of the works and the similarity of the first chapters
of the two works, which deal with whole numbers and fractions. However,
Al Qushji himself does not explicitly mention translation or expansion as
an objective. As demonstrated in this study, although the titles align, meth-
odological and content differences emerge in sections such as Tanjim cal-
culation (base-60 arithmetic) and masaha (mensuration). Furthermore, Ali
Qushijt opted not to include algebra and the double false position method in
Risala dar Ilm-i Hisab. The discussion of the nature of numbers found in the
introduction of al-Risala al-Muhammadiyya is likewise absent from the for-
mer work. These distinctions indicate that rather than expanding upon his
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initial work, the author intended to compose a second mathematical treatise
at a different level. This conclusion not only clarifies the relationship between
the two texts but also highlights the necessity of re-evaluating previous liter-
ature regarding historical texts. Particularly, claims of translation should not
be made without direct examination of the content.

A comparative analysis of content and methodology suggests that Ali
Qushjt wrote his two treatises on arithmetic for different audiences. The in-
clusion of Risala dar ‘Ilm-i Hisab in various manuscript codices after the com-
position of al-Risala al-Muhammadiyya indicates that the author still regard-
ed the former work as valuable. Another potential reason for its continued
significance is its sufficiency for mathematical requirements in astronomy.
Indeed, in most examined manuscript codices, Risala dar ‘Ilm-i Hisab appears
alongside various astronomical works, whereas this is not the case for al-Risa-
la al-Muhammadiyya, except for the author’s compiled manuscript. This dis-
tinction supports the argument that Risala dar ‘Ilm-i Hisab was traditionally
viewed as an introduction to astronomy. A crucial step toward definitively
proving this hypothesis would involve comparing the mathematical content
of Risala dar Tlm-i Hisab with the mathematical applications in astronomical
works such as Ulugh Beg’s Zij and al-Risala al-Fathiyya.

While this study suggests that Ali Qushji primarily composed Risala dar
Ilm-i Hisab as a guide to astronomy, it is evident that the treatise also serves
as a comprehensive arithmetic manual. Sections covering Indian numerals,
tanjim calculation, and masaha contain all the necessary methods for daily
calculations. The text’s pedagogical approach is evident in both its structure
and examples. The explanations are clear and direct, while the examples are
practical, appropriately challenging, and sufficient in number. Consequently,
it is apparent that the work functioned as a fundamental arithmetic book in-
dependent of astronomy. Its continued use in both Anatolia and Iran until the
twentieth century underscores its resilience and enduring success.

One of the challenges encountered in this study is the sheer number of
manuscript copies. Out of 356 known copies, predominantly housed in Iran,
only 26 were accessible for this research. Notably, the inclusion of a manu-
script authored by Ali Qushji in the final years of his life proved to be a fortu-
nate discovery. Since the treatise was originally written in Samarkand and had
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already spread across a vast region before his arrival in Istanbul, obtaining
a copy penned by the author himself provides the most complete and up-
dated version of the text. A comparison of the authograph with other copies
reveals differences in sentence structure, indicating that no existing copies
were directly transcribed from this version. This result suggests that the co-
dex prepared for the Sultan remained within the palace library and did not
circulate widely. Further comparisons reveal textual variations between dif-
ferent copies. For instance, the section on finding common denominators of
fractions differs in some versions from the autograph. Similarly, in the part ex-
plaining the elements of a circle, the autograph contains additional sentences
not found in any other copy. These findings indicate that Ali Qushji revised
his work three times. Initially, he authored the treatise in Samarkand with an
older style and content. Later, between Samarkand and Istanbul, he updat-
ed the section on common denominators. Finally, upon reaching Istanbul, he
modified the sentence structure and expanded the section on the elements
of a circle. These modifications aimed to enhance clarity and completeness.

The fact that Ali Qushji revised his work multiple times serves as a critique
of research methodologies that rely solely on a single manuscript copy. The
version of Risala dar ‘Ilm-i Hisab compiled in Istanbul in 877 AH (1473 CE)
represents its most updated form. Having this latest version at hand is advan-
tageous compared to relying on earlier versions. However, given that more
than 300 copies are housed in Iranian libraries, further research may uncover
additional authographs or evidence supporting earlier versions.
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